


7.1 Norms of Vectors and Matrices 447 

Example 5 Determine ||/4 Hoc for the matrix 

2 -1 
3 -1 

-1 1 

Solution We have 

3 3 

X; Kl = in + |2| + | - 1| = 4, |fl2J| = |0| + 131 + 1-11 = 4, 
7=1 7=1 

and 

3 
X>3,l = |5| + l-l| + |l| = 7. 

7=1 

So, Theorem 7.11 implies that HAHoo = max{4. 4. 7} = 7. ��

In the next section, we will discover an alternative method for finding the I2 norm of a 
matrix. 

EXERCISE SET 7.1 

1. Find loo and I2 norms of the vectors. 

a. x = (3, -4. 0, |)' 

b. x = (2, 1,-3,4)' 

c. x = (sin k, cos A:, 2k)' for a fixed positive integer k 

d. x = (4/(7: -f 1), 2/k2, k2e~k)' for a fixed positive integer k 

2. Find Igo and I2 norms of the vectors. 

a. x = (2, -2, 1)' 

b. x = (-4/5,-2/5, 1/5,2/5)' 

c. x = ((2 + k)/k, l/VT, —3)' for a fixed positive integer k 

d. x = ((37: + l)/(27),2, 0, 1/7)' for a fixed positive integer 7 

3. Prove that the following sequences are convergent and find their limits. 

a. x14'= (l/7,e|-*',-2/72)' 

b. x(/;) = (e_/" cos7,7 sin(l/7), 3 4-7_2)' 

c. \tk) = {ke-k2, (cos7)/7, V72 + 7 -7)' 

d. x(t> = (ei/k, (72 + 1)/(1 - 72), (l/72)(l + 3 + 5 + ��• ��+ (27 - I)))' 

4. Prove that the following sequences are convergent and find their limits. 

a. x"-'1 = (2+1/7,-2+1/7, 1 + I/72)' 

b. x<*> = ((2 + 7)/7, 7/(2 + 7), (27 + l)/7)' 

c. = ((37 + l)/72, (1/7) In 7, k2e~k, 27/(1 +27))' 

(k) /cos7 sin7 1—7 3k —2\' 
x - PTT'47TTy 
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Find the /ao norm of the matrices. 

10 15 ' 
a. 

0 1 

2 -1 0 
c. -1 2 -1 

0 -1 2 

Find the norm of the matrices. 
10 -I 

-1 11 
a. 

b. 

d. 

b. 

10 0 
15 1 

4 — 1 7 
-1 4 0 
-7 0 4 

11 
0 

II 
1 

" V2/2 -V2/2 1 1/3 -1/3 1/3 
c. 1 0 0 d. -1/4 1/2 1/4 

TV -1 2 2 -2 -I 

The following linear systems Ax = b have x as the actual solution and x as an approximate solution. 
Compute ||x — xlloo and ||Ax — blloo. 

1 1 1 
a. 

3X2=63' 
1 1 I 
-x\ H—xi =  , 
3 1 4 168 

b. 

I I 
X 1 7' 6 

x = (0.142, -0.166)'. 
c. + 2x2 + 3x3 = 1. 

2xi + 3x2 + 4x3 = — 1. 

3xi + 4x2 + 6x3 = 2, 
x — (0, -7.5)', 

x = (-0.2, -7.5,5.4)'. 

The following linear systems Ax = 
Compute ||x — xlloo and || Ax — b| 

a. 3.9xi + 1.5x2 = 5.4, 

6.8x1 — 2.9x2 = 3.9, 
x = (l, 1)', 

X = (0.98, 1.02)'. 

c. X| + X2 + X3 = In, 

X| + X2 - X3 = 0, 

X| + X3 = 71, 
X = (0, It, Tt)', 

x = (0.1,3.18,3.10)'. 

X'l + 2x2 + 3X3 = 

2xi + 3X2 + 4X3 = -1, 

3xi + 4x2 + 6x3 = 2, 

x = (0, -7,5)', 

x = (-0.33, -7.9,5.8)'. 

d. 0.04xi + 0.01x2 — 0.01x3 = 0.06, 

0.2X, + 0.5x2 - 0.2x3 = 0.3, 

Xj + 2X2 + 4x3 —II, 
x = (1.827586, 0.6551724, 1.965517)', 

x = (1.8,0.64, 1.9)'. 

b have x as the actual solution and x as an approximate solution. 

b. X| + 2x2 = 3, 

l.OOlxi — X2 = 0.001, 
x = (1, 1)', 
x = (1.02,0.98)'. 

d. 0.04xi + 0.01x2 - O.OIX3 = 0.0478, 

0.4xi + 0.1x2 — 0.2x3 = 0.413, 

X) + 2x2 + 3x3 — 0.14, 
x = (1.81,-1.81.0.65)', 

x = (2, -2. 1)'. 

9. 

THEORETICAL EXERCISES 

a. Verify that the function || * II1, defined on R" by 

Ixlli = 51 l+l 
(=1 

is a norm on IK . 

b. Find ||x||i for the vectors given in Exercise I. 

c. Prove that for all x e R", ||x||i > ||x||2. 
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