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Definition 5.1 A function £(t. ) is said to satisfy a Lipschitz condition in the variable y onaset D C R

if a constant L > 0 exists with Losebibe canhonk

J
£, 30 = £t 2] <@y = 1,
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whenever (¢, v;) and (f, yo) are in D. The constant L is called a Lipschitz constant
for f.
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Example 1  Show that /(7. y) = r|y| satisfies a Lipschitz condition on the interval D = { (7, y) | L £ Le3 Lipscibe condhank

{ S@ill]d -3<y<4].
A
Solution  For each pair of points (¢, ;) and (¢, y») in D, we have
Lf @y = f @)l = [yl =yl = el = 1yall < 21y = yal.

Thus, f satisfies a Lipschitz condition on D in the variable y with Lipschitz constant 2.
The smallest value possible for the Lipschitz constant for this problem is L = 2 because,
for example,

1£2, 1) = F2,0) = 2= 0] =2]1 = 0]. 8



Suppose £ (1. ) is defined on a convex set D C R, If a constant L > 0 exists with

D decivakie otk ﬂf )
Ty cseethee | (fy) < L, forall (t,y) € D, (5.1)
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then f satisfies a Lipschitz condition on D in the variable y with Lipschitz constant L. m

EXERCISE SET 51

1. Use Theorem 5.4 to show that each of the following initial-value problems has a unique solution and
find the solution.

QU= Igost
@ y=ycost, 05t =1, y(0O)=1.

L .3
b. y= I-)‘+t‘e" 1<t<2, y(1)=0.

2 ’
¢ .V'=-l—,v+f2e’. 1<t<2, y(1) = 2.
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Unique solukion
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