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The problem of determining a polynomial of degree one that passes through the distinct

2 peinks

points (X, Vo and@ is the same as approximating a function f for which f(xy) = vo
and f(x;) = y; by means of a first-degree polynomial interpolating, or agreeing with, the

values of f at the given points. Using this polynomial for approximation within the interval
given by the endpoints is called polynomial interpolation.
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Define the functions

X — X X — Xo
(X)) =—— and Li(x) = ——

N =) X1 — Xo
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The linear Lagrange interpolating polynomial through (xo, yo) and (x,y;) is

— X — X

. fxp).

X1 — Xo

P(x) = Lo(x) f(xo) + Li(x) f(xy) =

X
f(xo) +
X1

Note that
Loxo) =1, Lo(x;) =0, Li(x0) =0, and L;(x;) =1,
which implies that
P(xo) =1 f(xo) +0- f(x1) = f(x0) = o
and
P(xi))=0- f(xo) +1-f(x1) = flx1) =y

So P is the unique polynomial of degree at most one that passes through (xo,
(X1, y1).



Determine the linear Lagrange interpolating polynomial that passes through the points (2,4)
and (5, 1).

Solution In this case we have
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It xo,x1,...,x, are n + 1 distinct numbers and f is a function whose values are given at
these numbers, then a unique polynomial P(x) of degree at most n exists with

f(xx) = P(xy), foreachk=0,1,...,n.

This polynomial is given by

P(x) = f(x0)Lno(¥) 4+ + f &) Lya(x) = Y i) Lnk (X), 3.1
k=0

where, foreachk =0,1,...,n,

(X —xp)(x —xp) oo (X = X)) (X = Xpgp) -+ - (X — Xp)

L, = 3.2
x(1) (X —Xo)(Xg —X1) =+ - (X — Xp—1) (X — Xg1) -+ (X — Xp) (5-2)
)
_ 1—[ -
i=0 (Xk _Xl)
i#k

We will write L, 4 (x) simply as L (x) when there is no confusion as to its degree.
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(a) Use the numbers (called nodes) xo = 2, x; = 2.75, and x, = 4 to find the second

Lagrange interpolating polynomial for f(x) :@. =) TR B0

(b) Use this polynomial to approximate f(3) = 1/3. \
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Solution (a) We first determine the coefficient polynomials Ly(x), L;(x), and L,(x). In
nested form they are

Lo _(x—2.75)(x—4)_z(_ 2.75)( 4
=005 3PS
L= —o=20=D 160 k- a
W=7 n0n5-4 157 VT
and
(x —2)(x = 2.75) 2
() = — S(x=2)(x —2.75).
L= a=25 ~ 3¢ P0-2D
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Also, f(xo) = f(2) = 1/2. f(x)) = f(2.75) =4/11. and f(x;) = f(4) = 1/4. s0
P(x) =Y f)Lg(x)
k=0

O DD+ (=D — 275
165 ¢ T AN =D+ gy =D —2.75)

= %(x —2.75)(x —4) —

1 35 49
22 88 44
(b) An approximation to f(3) = 1/3 (see Figure 3.6) is
f(3)~ P(3) = o 1® + 29 L 032955,
’ 22 88 44 88
Recall that in the opening section of this chapter (see Table 3.1) we found that no Taylor
polynomial expanded about x, = 1 could be used to reasonably approximate f(x) = 1/x
at x = 3. |




Exercise Set 3.1

For the given functions f(x), let xo = 0, x; = 0.6, and x, = 0.9. Construct interpolation polynomials
of degree at most one and at most two to approximate f(0.45), and find the absolute error.
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For the given functions f(x), let xo = 0, x; = 0.6, and x; = 0.9. Construct interpolation polynomials

of degree at most one and at most two to approximate f(0.45), and find the absolute error.

a. f(x)=cosx
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Y (4)=cos (0.6)

Lo(+)= =T ek
M -0 _ A
L= ——C= %

ol = *_/:‘i () + &, cos Lo

ous-0-C _ &85 cuslo
o-6

£)=o-36%0072
.
ek = —

g,“d, velwel ces (o.uy) =o-q00us

usolhe excor =1 o Qoous s 3600t = S-03 IAHF

The more Yo Segree 1S, Yo diderence ia Absolue error 3 \ess

Oeqy 28
Ly (tooe)nod)
T emeb)lo-0)

oo laod y  eltot) (easte)

Ly ay= o) oo ) P
(6.4-6)(0.6-09)

(n—o) (A-6.6)

(09-0)( 0.5 -0:6) e(+)=

Lz[-ﬂ)=
6.5y

Crack yalwed s (0:4y) =0 qooUs

Qosolute excec =loQ0o0us-©.8q%\ =0.0023

5o 0809 g (ulo W) (easto6) +

c. fx)y=Inx+1)

" |
. @ 0.6 69

v\—-\ae}ueej\
2o Yole o F -6 Yor deqyree 4.

(106 o5 (o)
o-F

°“’('f'°/‘) Q,s(oﬂ.) =0-%94%\
o-2F



E '
C}(Q'M‘LI—?,'W\A Ve 90\‘)‘\0‘““0‘9 %‘GS\'//\M ‘?\NL H/\L \JOAME_

5.  Use appropriate Lagrange interpolating polynomials of degrees one, two, and three to approximate

each of the following:

a. f(84)if f(8.1) =16.94410, f(8.3) = 17.56492, f(8.6) = 18.50515, f(8.7) = 18.82091

b. f (—%) it f(—=0.75) = —0.07181250, f(—0.5) = —0.02475000, f(—0.25) = 0.33493750,
f(0) = 1.10100000

c. f(0.25)if £(0.1) = 0.62049958, f(0.2) = —0.28398668, f(0.3) = 0.00660095, f(0.4) =
0.24842440

d. £(0.9)if £(0.6) = —0.17694460, f(0.7) = 0.01375227, f(0.8) = 0.22363362, f(1.0) =
0.65809197




|
5. Use appropriate Lagrange interpolating polynomials of degrees one, two, and three to approximate

each of the following:

b. f(=1})if f(=0.75) = —0.07181250. f(—0.5) = —0.02475000. f(—0.25) = 0.33493750,
£(0) = 1.10100000
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5. Use appropriate Lagrange interpolating polynomials of degrees one, two, and three to approximate

each of the following:

f(0) = 1.10100000
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