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Aitken’s A2 method is based on the assumption that the sequence { p,}°,, defined by
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EXERCISE SET 2.5

1. The following sequences are linearly convergent. Generate the first five terms of the sequence {p,}

using Aitken’s A% method. ~ .
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a. po=0.5, ﬁ,,
b. po=075 p,= (/) n>1
c. po=0S5, p, =31 n>1
d. po=0.5, p,=cosp,_;, n=>1

2. Considerthe function f(x) = ¢® +3(In2)%*¢* — (In 8)¢* —(In 2)*. Use Newton’s method with py = 0
to approximate a zero of f. Generate terms until | p,; — p,| < 0.0002. Construct the sequence {p,}.
Is the convergence improved?

3. Letg(x) =cos(x —1)and pf)o’ = 2. Use Steffensen’s method to find p(()”.

4. Letg(x) =1+ (sinx)? and p(‘)o) = 1. Use Steffensen’s method to find p})” and ng).

S.  Steffensen’s method is applied to a function g(x) using pé)o) = 1 and p(zo) = 3 to obtain pf)” = 0.75.
What is p\”?

6. Steffensen’s method is applied to a function g(x) using pf)o’ = land p‘,m = /2 toobtain p},” = 2.7802.
What is p}”? R.w

7.  Use Steffensen’s method to find, to an accuracy of 10~*, the root of x> —x — 1 = 0 that lies in [1, 2],
and compare this to the results of Exercise 6 of Section 2.2.



o ® 0.5 ‘5—1
P=-e ., - e et
2 3
@ 2
?'L o g:&/;(?_\)_ :QALQZ?L‘Q
e, 7_
V.= w -6.253607F
° 3
o _ 2B x®D g osess
w= 3
.
¢ Q}?“/"@“—)=o.zs’+aéy
= 2
s
()
'-};}ec/TL—q*— 6257513
<, c 3
¢
N
¢ 2-e"¢ T Loesas R
= 3
?-

>
é\ _ ? _(P\ - Po)

—to

° vl—zpl"'Pb

2z
—0.< (o-260Y426—4%)
—og &L/ 2
©.232F8a- 202004 2¢)x0 5

= 0.25 3634

n

(6-2%234a-0.200439)
P, = 0 206426~

0.25360%F ‘n&'zq"‘?’ﬁ)*@woq;q

=0 253613
T
"?1:?2 ‘M/ ZOQT—;S—BQ
R ~120; + €,
2z
-9 B
¢.- © @) as75 30
=73
2 Q;“QQR-\-P}
T
_e
N o - ) .25 F47F
?L& o —2?{-\9q
z
PN Pk b 25 7429
Yo Vs ey -2e g
T
Yo Queshon
needs § Jerms

So \Weneed W @



—C

\> C) Po=oS T
C. = 3-°AS_:6>‘5_‘:"—+35
\

o :_5-?\ - 0.5303IS

0.
=0 -5 53439

-0,
€,:3 =0.54144%

-@
7;’3 “ =0-55165
e -3 . o s4scO

3
cq:s'?e =eo-s A1

=\

%o

.
<

oS

2
_b,f??57‘°'7) =o0-543

0 -5 30315 =265 #939) 105

ESII__?'L—- :Oqu«lS—

= Q.-
93_2?L+?l

1
(?;’?z) = D-gl‘qvﬁ

A
L,7, I CATS
u
2
. L?q'?)) —0.5UB22
AP
?Y—ZQL‘J’}
A ( e )1
Cuz e YT s
@ - 2P xPy
é B ~ (fg- ©s) = 0.543%)
s =3 e}-??“""f



] N
3. Letg(x)=cos(x—1) and_ 2. Use Steffensen’s method to find pgn.
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I. Use Steffensen’s method to find p“’ and p‘z’
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4. Letg(x) =1+ (sinx)? and p}’
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3. Letg(x)=cos(x—1)¢ se Steffensen’s method to ﬁ“dipl
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5. Steffensen’s method is applied to a function g(x) using p;” = 1 and p}” = 3 to obtain p’ = 0.75.
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7. Use Steffensen’s method to find, to an accuracy of 107*, the root of x* —x — 1 = 0 that lies in [1,2],
and compare this to the results of Exercise 6 of Section 2.2.

noon-\=0 ¢ =\5
3 2 3 \—3 B 3
W = Ve e°- 3(?;)__(\5\_\) =\-357320
(
\ .
-3 e o) — (\3;?2-:.'2*-\)3:\.330\2 €\
= (&) < =3le)
2
¥ \ g.357203715) =\32u9
‘(- ) ’\_, («A.&\) ?G =15~ \ 336 961-2(\35701) 1) .3
SR
! (\+\\—% 3 =en S e =9(e \).—Qszwa\ﬂ)\?‘-’-”“"”
()% L =9(e. \
- —o\C <\ C_al \)zu‘s,qn;ﬂ)’i —1.32472
! — }_ _\-L) \ €,=9 @
9 (2) - CZ (\‘~>z~«=m-‘<72“°*)t = 1.32893%

<t = )\ 3 e tam N
.

-y
\ q|=o0.0000% £ 1O
\q:-?‘.‘\:\\}'quq’ﬂ vaeudl

Co @, s e salwkion



Steffensen’s Method

By applying a modification of Aitken’s A2 method to a linearly convergent sequence ob-
tained from fixed-point iteration, we can accelerate the convergence to quadratic. This
procedure is known as Steffensen’s method and differs slightly from applying Aitken’s
A? method directly to the linearly convergent fixed-point iteration sequence. Aitken’s A2
method constructs the terms in order:

po. P1=2g8(po), p2=g(p1), Po=1{A"}(po),
pa=g(p2), pPr={(A}p1),.--,

Wan w e'et Mo @ Runckion in Yo suleseripl ©°= g(e?)
where {A?} indicates that Eq. (2.15) is used. Steffensen’s method constructs the same
first four terms, po, p1, p2, and po. However, at this step we assume that pg is a better
approximation to p than is p, and apply fixed-point iteration to py instead of p,. Using this
notation, the sequence 1s

po’s P =8, Py =g, po) = (ANWe), P =8po)- -
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Guidelines

Stepl

When given an equation, for example x° + 4x2 - 10 = 0, we must first solve for x. In this case, after solving for x, we will get

10

X = x+4

We will then modify x to g(x) after solving for x to highlight that this is our fixed point iteration.

10
g(x) =~/
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1.5

1.348399725

1.367376372

(3]




Next, for p0 k=1, we have to use the Steffensen's formula.

~ PP
P - P _ n+1 n
n (:Pn—'?—ZPJH- l+Pn)

Substitute all n value with 0.

S_ p (P,~Py) °
~ 0 (P,—2P +P)



Substitute all p values with the existing values on the table.

’I; — 1t _ (1.348399725-1.5) -
T s (1.367376372—2(1.348399725) +1.5)

Then, insert the value calculated into the table. To calculate pl and p2 for k=1, use the same iteration method we did above in Step 5. Repeat step 6 again
to get the next p0 value for k=2 and k=3.
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1.365230013



Example 7

Use Steffensen’s method to find x3 —x—-1=0, to
an accuracy of the root of that lies in [1, 2],



Fill in the table by repeating the steps.

k b, b, b, 1P, =P,
0 | 1.414213 1.306604 -

] 1328777 1323849 134005 | 0328777
2 1.324719 0.0004058







Steffensen’s Method

x—2"=0
x =2
gx) =2"

p,= 0
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0.00000000
0.66666667
0.64121619
0.64118574

1.00000000
0.62996052
0.64117221

0.50000000
0.64619410
0.64119176

0.66666667
0.02545047
0.00003045




