Least-Squares Problems

DEFINITION
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EXAMPLE 1 Find a least-squares solution of the inconsistent system Ax = b for

4 10 2
Ad=10 2. b= 0
1 1 11

SOLUTION To use normal equations (3), compute:
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Then the equation A’Ax = A7 b becomes

% 1z]- (2

Row operations can be used to solve this system, but since A"4 is invertible and 2 x 2,
it is probably faster to compute

] 5 -1
Fan=T. ... *.
a2 e 34[—1 17]
and then to solve A7Ax = AT b as

k= (4"4)"'4"b
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EXAMPLE 2 Find a least-squares solution of Ax = b for

[ 1, O O [ —3 ]
P 4. 9 0 -1
B P & 4 £ . 0
=1 B R | b= 2 The general solution is x; = 3 — x4, X2 = —5 4+ x4, X3 = —2 + x4, and x4 is free. So
I ® O 1 5 the general least-squares solution of Ax = b has the form
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The augmented matrix for A’Ax = A" b is
6 2 2 2 4 1 0 0 1 3
2 2 0 0 -4 0O 1 0 -1 =5
2 O & O 2 0 0O I <1 -2
Z 0 0 2 6 0 ¢ 0 0 0
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EXAMPLE 3 Given A and b as in Example 1, determine the least-squares error in
the least-squares solution of Ax = b.

SOLUTION From Example 1,

2 4 0 | 4
b=| 0 and Ax=|0 2 |:2:|= 4
11 | | 3
ence

2 4 -2

b—Ax=]| 0|—-]|4|=| —4

11 3 8

and

Ib— A%|| = V/(—=2)2 + (—4)2 + 82 = V84

The least-squares error is +/84. For any x in R?, the distance between b and the vector
Ax is at least +/84. See Figure 3. Note that the least-squares solution X itself does not
appear in the figure. i3]



Alternative Calculations of Least-Squares Solutions

EXAMPLE 4 Find a least-squares solution of Ax = b for

1 =6 =]
1 =2 2
A= I B 1
L 6

SOLUTION Because the columns a; and a; of A are orthogonal, the orthogonal
projection of b onto Col 4 is given by

f) = b-a, A b‘ﬂg T 8a 4 453 (5)
_al-al l 32'322—4 1 902 ‘
2 -3 —1
2 —1 |
=2 | *lig | =| 58
2 712 11/2

Now that b is known, we can solve AX = b. But this is trivial, since we already
know what weights to place on the columns of 4 to produce b. It is clear from (5) that

’A‘=[4§;go]=[132] -
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EXAMPLE 5 Find the least-squares solution of Ax = b for

1 & 3 [
& & @ 5
25y 1 @ = g
1 3 3 | =3 |

SOLUTION The QR factorization of A can be obtained as in Section 6.4.

12 12 12
|12 =172 —1)2
e=gt=11p 0 12l = 3

| /2 12 =1f2
Then e e

12 1/2 12 1/2 g 6
O'b=|1/2 —-1/2 -1/2 1/2 2= —6
1/2 —-1/2  1/2 —1/2 _3 4
The least-squares solution X satisfies Rx = QTb; that 1s,
2 4 3||= 6
0 2 3||x|=|—0
0 0 2 X3 4
10
This equation is solved easily and yields X = | —6
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