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EXAMPLE 3 Ifu, = 51, us= 1 [Ly=| 2|, and W = Span {u;, us},
—1 | 3
as in Example 2, then the closest point in W to y is
yeuy y-u =25
y = u; + —u; = 2 m
u-u U+ 1/5

EXAMPLE 4 The distance from a point y in R" to a subspace W is defined as the
distance from y to the nearest point in W. Find the distance from y to W = Span {u;, u,},

where
-1 ) ]

y=|=51], mp=|-=21], w= 2
10 I -1

SOLUTION By the Best Approximation Theorem, the distance fromy to W is ||y — ¥||,
where ¥ = projy y. Since {u;, u,} is an orthogonal basis for W,

; 5 1 —1
15 —21 1 7
§=—u1+ u = — -2 | - = 2|l =1 -8
30 6 2 "2 7B .
—1 —1 0
goaes | cm |l o e |
10 4 6

ly—§I"=3"+6" =45
The distance from y to W is /45 = 34/5. &
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The Gram-Schmidt Process
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EXAMPLE 2 Let x; =

, and X3 = . Then {x;.X>.X;} is

1

clearly linearly independent and thus is a basis for a subspace W of R*. Construct an
orthogonal basis for W.

SOLUTION

fary

Step 1. Let vi = x; and W} = Span {x;}{ = Span {v,}.
Step 2. Let v, be the vector produced by subtracting from x; its projection onto the
subspace W). That is, let

V2 = X2 — pProjy, Xz

X2+ ¥y &
= X; — Vi Since v; = x,
V=¥
0 I —3/4
o || A _E LI .. 1/4
i 2l 1177 | 1y4
1 I 1/4

Asin Example 1, v, is the component of X, orthogonal to x;, and {v,, v, } is an orthogonal
basis for the subspace W, spanned by x; and x,.

Step 2' (optional). 1f appropriate, scale v, to simplify later computations. Since v, has
fractional entries, it is convenient to scale it by a factor of 4 and replace {v, v2} by the
orthogonal basis

-3

-
o3
[l

Y =
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I

1
1
1

Step 3. Let v3 be the vector produced by subtracting from X3 its projection onto the
subspace W,. Use the orthogonal basis {v;. v} to compute this projection onto Ws:

Projection of  Projection of

X1 0onto v, X3 onto \',
‘ ‘ 1 -3 0
: X3+ V] X3° V5 2] 1 2. 4 2/3
X3 = ——¥ —ty L =
oy R =R Bl = 1 |t 1 2/3
1 1 2/3
Then vz is the component of X3 orthogonal to W5, namely
0 0 0
NN | 2/3 | .| =2/3
V3 = X3 pro.]u”g X3 = 1 2/3 = 1/3
1 2/3 1/3

See Figure 2 for a diagram of this construction. Observe that vz is in W, because x3
and projy, X are both in W. Thus {v,, v}, vs} is an orthogonal set of nonzero vectors
and hence a linearly independent set in W. Note that W is three-dimensional since it
was defined by a basis of three vectors. Hence, by the Basis Theorem in Section 4.5,
{v1. V5. v3} is an orthogonal basis for W. 3

'projw?x3 '
W= Spaxl{vl.nell}""‘* ==

FIGURE 2 The construction of
vy from x5 and W5.



Orthonormal Bases

An orthonormal basis is constructed easily from an orthogonal basis {v;...., v, }: simply
normalize (i.e.. “‘scale™) all the v;. When working problems by hand, this is easier than
normalizing each v; as soon as it 1s found (because it avoids unnecessary writing of
square roots).

EXAMPLE 3 Example 1 constructed the orthogonal basis

3 0

vi= |6 v2=10

0 2

An orthonormal basis 1s
| i [3 1/+/5
m=—vi=——|6|=]2/V5
7T I Rl
0

=
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QR Factorization of Matrices
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EXAMPLE 4 Find a QR factorization of A = }
1

1
1
1
1

By construction, the first k£ columns of Q are an orthonormal basis of Span {x,, ..., Xics>
1 From the proof of Theorem 12, A = QR for some R. To find R, observe that Q7Q = I,
SOLUTION The columns of A are the vectors X;, X, and x3 in Example 2. An because the columns of Q are orthonormal. Hence
orthogonal basis for Col A = Span {X;. X>, X3} was found in that example: 04 = OT(OR) = IR = R
1 -3 0 p
1 1 -2/3 o
V= | Vo= i | Y= 1/3 [~ X2 1/2 1/2 1/2 : (]) 8
1 1 1/3 R=|-3/4/12 1//12 1/4/12 1/4/12 I I |
| G O

0 —2/v/6 1//6 1/46

To simplify the arithmetic that follows, scale v by letting v; = 3vi. Then normalize the

three vectors to obtain u;, u,, and u3, and use these vectors as the columns of Q: B 3/2 I
1/2  =3//12 0 =0 3/viz 2/v12 m
12  1J12  —2/6 |8 0 2//6

=11 1B  1/vE
1/2 1/4/12 1//6
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