CS 223: Computational Linear Algebra

Chapter 6
Orthogonality and Least Squares

Based on Dr. Yasser Mohammad Seddiq slides, modified as
needed



The Inner Product

THEOREM |

Uy L
Uus U2
i [ and v=

then the inner product of u and v is

[w uy - ] = w1+ Ugvy o+ Uy

Properties (b) and (¢) can be combined several times to produce the following useful

rule:

(g + -+ cpup) W = c1 (W) + -+ ¢ (up W)



The Length of a Vector

The length (or norm) of v is the nonnegative scalar ||v|| defined by

{ =t
Ivll = ﬁW-Jm+%+ 402, and [v|?=v-v HFH |ﬂmﬂ|

EXAMPLE 2 Letv = (1,-2,2,0). Find a unit vector u in the same direction as v.
SOLUTION First, compute the length of v:
Ivl* = vev = (1)° + (-2)* + (2)* + (0)* =
vl = v9=3

Then, multiply v by 1/|v| to obtain

e & T v
u—.l_v—lv—.!. —2 — —2/3
vl 3 3| 2 2/3

To check that |lu|| = 1, it suffices to show that ||ul|* = 1.

lull® = wew = ()" + (=3)" + () + 0
t+3+3+0=1 -



EXAMPLE 3 Let W be the subspace of R? spanned by x = (%’-. 1). Find a unit vector
z that is a basis for W.

SOLUTION W consists of all multiples of x, as in Figure 2(a). Any nonzero vector in
W is a basis for W. To simplify the calculation, “scale” x to eliminate fractions. That is,

multiply x by 3 to get
_ |2
=13

Now compute ||y||> = 2% + 3> = 13, |ly|| = +/13, and normalize y to get

=73 - [7m]

See Figure 2(b). Another unit vector is (—2/+/13,—3/+/13). 4]

(a)

(b)

FIGURE 2

Normalizing a vector to produce &
unit vector.



Distance in R”

EXAMPLE 4 Compute the distance between the vectorsu = (7, 1) and v = (3. 2).

SOLUTION Calculate
s e P TR [
Yo 2 ] 5

lu—v|| = V& + (-1)? = V17

EXAMPLE 5 Ifu = (u;.u5.u3) and v = (vy, v3, v3), then

dist(.v) = Ju—v| = y(@—v)-(u-v)
= V(g —v1)? + (us —v2)2 + (u3 —v3)?




Orthogonal Vectors

THEOREM 2




Orthogonal Complements

« If a vector z is orthogonal to every vector in a subspace W , then z is said to be orthogonal to
W.

« The set of all vectors z that are orthogonal to W is called the orthogonal complement of W
and is denoted by W+ (and read as "W perpendicular" or simply "W perp").

THEOREM 3 Let A be an m x n matrix. The orthogonal complement of the row space of A is
the null space of A, and the orthogonal complement of the column space of A is

the null space of A’

(Row A)X = Nul4 and (Col A)* = Nul A7



Orthogonal Sets

A set of vectors {u;...., u,in R” is said to be an orthogonal set if each pair of distinct
vectors from the set is orthogonal, that is, if u; -u; = 0 wheneveri # ;.

EXAMPLE 1 Show that {u;.u>, us} is an orthogonal set, where

3 = ~1/2
=1, =] 2|, w=| =2
1 I 7/2

SOLUTION Consider the three possible pairs of distinct vectors, namely {u;.u,},
{uy, uz}, and {us, uz}.

uem =31+ 12)+1(1) =0
upeus =3 (—3) +1(-2) +1(3) =0
ey = 1 (1) +2(-2) +1(3) =0

Each pair of distinct vectors is orthogonal, and so {u;. u, u3} is an orthogonal set. See
Figure 1; the three line segments are mutually perpendicular. =
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THEOREM 5

the weights in the linear combination

y=cu +---+cpu,

are given by
yeu;

Gj = (J

llj°llj

EXAMPLE 2 The set S = {u;.u,,us} in Example 1 is an orthogonal basis for R,

Let {uy.....u,} be an orthogonal basis for a subspace W of R". Foreachy in W,

6
Express the vector y = 1 | as a linear combination of the vectors in S. —1 —1/2
-8 u = U, = 2 u; = -2
SOLUTION Compute I 7/2
S NS TS
{ \ { \ \
| «u, ' | 1, ! I ! . - . g . e
= y ':u, _HY 2:u _HY 15“3 yeu; = 11, y-us 12; y-u3 33
\up e Uy, U2 W, \u3* us, upeu; = 11, ey = 6, Uz Uy = 33/2
11 i —-12 " -33
= —1u L
e 7 g = " a0




