Complex Eigenvalues

EXAMPLE 2 LetA = [ 2 6] Find the eigenvalues of A, and find a basis for
_ a5 1.1 s> A = [.5 -.6; .75 1.1]
each eigenspace.
SOLUTION The characteristic equation of A is A=
X it 8.5000 -0.6600
0=dcl[ 75 l.l—l] =(5—A)(1.1 =) —(—.6)(.75) @.7500 1.1000
=A2—161+1 >> lambdal = ©.8 - 0.6i;
>> lambda2? = 8.8 + 0.61;
From the quadratic formula, A = $[1.6 = /(—1.6)> — 4] = .8 £7.6/. For the eigen- >> vpa( rref( [ A - lambdal * eye(2) [@;0] ] ) )
value A = .8 — .67, construct
dans =
To find eigenvectors, solve eq (A — Al)x = 0 [1.0, 0.4 + 0.8i, 0]

[ o, 9, @]

>> vpa({ rref( [ A - lambda2 * eye(2) [©;08] ] ) )

x_[ ] (0.4 — 081)x2] xz[ 0.4—0.81‘]

2 ! —2 —4i ans =
choose x, = 5 to avoid fractions, LV = [ 5 ]
[1.8, 0.4 - ©.8i, @]
[ o, a, @]
X = [ ] [( 0.4 +0. 81)x2] = x, [—0.4 + 0.81]
choose x, =5 to av01d fractions, sV = [_2 ;_ 41]

As a check on the work, compute

& —l2+87 gl ‘
AvZ_[JS 1.1][ 5 ]_[4+3i]_('8+'61)v2 =



Real and Imaginary Parts of Vectors

3—i 3 —1

EXAMPLE 4 Ifx = i = | 0| +i 1 |, then
2+ 5i 2 5
—1 3

Rex = . X = 11, and X=| 9| =i
5 2

The conjugate

N O W



THEOREM 9

Let A be a real 2 x 2 matrix with a complex eigenvalue A = a — bi (b # 0) and
an associated eigenvector v in C?. Then

A=PCP™', where P =[Rev Imyv] and C=[Z _cbz]

: —2—4i :
75 l.lil,}.=;.;8—.61,and V) = [ l],as in

Example 2. Also, let P be the 2 x 2 real matri

5
described in Theorem 9,

EXAMPLE 7 Let A = [-5 —.6

NCV,



Discrete Dynamical Systems

Long-term evaluation:

Example
The matrix A below has eigenvalues 1, %—, and _%, with corresponding eigenvectors

Vi, V2, and vj:

[ 7-2 o0 ) 2 1
A=—-| =2 6 2 Vi = 2 V2 = 1 V3 = 2
2l o 2 5 1 2 —2

1

11

Find the general solution of the equation x; 41 = Ax; if xg =
-2

Solution

We should find the values of c¢,, ¢,, c; We use the fact:

XO = (11 + Cr Vo + C3V3

Xp = f]{-ll:}kvl = cn{']‘-n)k‘rn

1
11
—2

Solve the system,

Since the eigenvalues are 1, 3,

We get

k=0,1,2,...)

C1

= [v; v, v3]|C2

C3

(] 22,1‘_‘221,33‘1[1{?3:3,

Xo = 2v| + 1vy + 3v;3

2 and %, the general solution is

- _—
L 2 1
Xk=2'lV|+l'(—3-) V2+3°(§) V3
1

_a| 2 +(-) 1 +3.(-) >
1 3/ | 2 3/ | =2

As k — oo, the second and third terms in (12) tend to the zero vector, and

What happens to the sequence {x;} as k — oc?

Xk=2V1+(

3

)v2+3(§) V3 — 2V = 4
2



Applications to Differential Equations

eigenfunctions of the differential equation x(t) = velt

The solution of a differential equation can be written as: x(t) = c;viett + cyvyetet + ot v e

Example: For a differential equat x'(t) = Ax(r) , where A4 = [_1'5 _?] x(0) = [i]

The eigenvalues of A are ,; = —.5 and A, = —2, with corresponding eigenvectors v, = [;:I and vy, = [_}]

Find formulas for x;(¢) and x>(t)
CR— | x(x)
Solution: «x() = [xzm]

Ay Xat

The eigenfunctions x, (1) = vie*!’ and x>(¢) = v,e*?' both satisfy X’ = Ax, and so does

any linear combination of x; and x,. Set

leads easily to ¢; = 3 and ¢; = —2. Thus the desired solution of the differential equation
e s &
x(1) = crvie! + cavpe? = ¢ [é]e"s' + (’2[ }]e"z’ RS H 1
x(1) =3 z]e"ﬁ’ = 2[ ] ]e'z'
and note that x(0) = ¢;v, + ¢,v». Since v| and v, are obviously linearly independent =
or

and hence span R?, ¢; and ¢, can be found to make x(0) equal to xp. In fact, the equation

-3

f f f

Vi V2 X0

x1(@) ] _ | 3¢5 4272
x3(t) | | 6™ —2e7




Example:
A real 3 x 3 matrix A has eigenvalues —.5, .2 4 .3i. and .2 — .3/, with corresponding
eigenvectors

[ 1420 1 —2i ]
vi=| -2, v= 4i , and vy=| —4i
L L. 2% ) . &

1. Is A diagonalizable as A = PDP™!, using complex matrices?

2. Write the general solution of X' = Ax using complex eigenfunctions,

Solution:

1. Yes. the 3 x 3 matrix is diagonalizable because it has three distinct eigenvalues.
Theorem 2 in Section 5.1 and Theorem 6 in Section 5.3 are valid when complex
scalars are used. (The proofs are essentially the same as for real scalars.)

2. The general solution has the form

R 1+ 20 | " —2% ] |
x()=c1| =2 |e™ + ¢ 4i SR L on | i | S2K
| 2 2




lterative Estimates for Eigenvalues
The Power Method

Assume for simplicity that A is diagonalizable and R” has a basis of eigenvectors
Vieeons v, arranged so their corresponding eigenvalues 4. . . ., A, decrease in size, with
the strictly dominant eigenvalue first. That is,

Ml > [A2] = |A3] = -+ = |44l

(1)
= Strictly larger

THE POWER METHOD FOR ESTIMATING A STRICTLY DOMINANT
EIGENVALUE

1. Select an initial vector xy whose largest entry is 1.

2. Forik =@ 1, ...
a. Compute Axy.

b. Let p; be an entry in Ax; whose absolute value 1s as large as possible.
c. Compute xz+1 = (1/px) AXg.

3. For almost all choices of x;, the sequence {ux} approaches the dominant
eigenvalue, and the sequence {x; } approaches a corresponding eigenvector.




EXAMPLE 2 Apply the power method to A = [? ;] with xg = [(l)j| Stop

when k = 5, and estimate the dominant eigenvalue and a corresponding eigenvector
of A.

SOLUTION Calculations in this example and the next were made with MATLAB,
which computes with 16-digit accuracy, although we show only a few significant figures
here. To begin, compute Ax, and identify the largest entry g in AXg:

6 5[0 5
et 28]} mes
Scale Axg by 1/ 19 to get x|, compute Ax;. and identify the largest entry in Ax;:
1 LIS |
5= got=3[5] = | 4]
6 S][1 8]
A"“[l 2][.4}_[1.8_’ i =8

Scale Ax; by 1/, to get x,, compute Ax,, and identify the largest entry in Ax;:
1 [ 8 i
ReaRn §[1.8] 3 _.225]

6 5[ 1 7.125
Ax2_[1 2][.225]_[1.450]’ =il

Scale Ax; by 1/u; to get x3, and so on. The results of MATLAB calculations for the

first five iterations are arranged in Table 2.

TABLE 2 The Power Method for Example 2

k 0 1 2 3 4

< (O] L] Las] Lams] L] |
w | 1] (4] [o] [ (o] |

Mk 5 8 7.125 7.0175 7.0025

7.00036

The evidence from Table 2 strongly suggests that {X; } approaches (1,.2) and {x }
approaches 7. If so, then (1, .2) is an eigenvector and 7 is the dominant eigenvalue. This

is easily verified by computing



The Inverse Power Method

THE INVERSE POWER METHOD FOR ESTIMATING AN EIGENVALUE

AOFA

1. Select an initial estimate « sufficiently close to A. If an estimate of 4 is not provided,
2. Select an initial vector xy whose largest entry 1s 1. then you can assume @ = 0 to find
3. Bork =90 1..... the smallest eigenvalue

a. Solve (A —al)y, = x fory,.
b. Let yt; be an entry in y, with the largest absolute value.
c. Compute v, = o + (1/11).

d. Compute x;+; = (1/11)y;.

4. For almost all choices of xp, the sequence {v;} approaches the eigenvalue A
of A, and the sequence {x; } approaches a corresponding eigenvector.




EXAMPLE 3 It is not uncommon in some applications to need to know the smallest
eigenvalue of a matrix A and to have at hand rough estimates of the eigenvalues. Suppose
21, 3.3, and 1.9 are estimates for the eigenvalues of the matrix A below. Find the smallest
eigenvalue, accurate to six decimal places.

10 -8 —4
A=| —8 13 4
—4 5 4

SOLUTION The two smallest eigenvalues seem close together, so we use the inverse
power method for A — 1.9/. Results of a MATLAB calculation are shown in Table 3.
Here x, was chosen arbitrarily, y, = (4 — 1.97)7'x,, p is the largest entry in y,,
Vi = 194 1/, and Xg 1 = (1/ux )y, . As it turns out, the initial eigenvalue estimate
was fairly good, and the inverse power sequence converged quickly. The smallest
eigenvalue is exactly 2. =]

TABLE 3 The Inverse Power Method

k 0 1 2 3 A
1 5736 5054 5004 .50003
X 1 .0646 0045 .0003 00002
I ] 1 ] 1
4.45 5.0131 5.0012 5.0001 5.000006
Yi 50 0442 0031 0002 000015
1.76 9.9197 9.9949 9.9996 9.999975
19 1.76 9.9197 9.9949 9.9996 9.999975
Vi 203 2.0008 2.00005 2.000004 2.0000002




Applications to Markov Chains

A vector with nonnegative entries that add up to 1 is called a probability vector.
A stochastic matrix is a square matrix whose columns are probability vectors.

A Markov chain is a sequence of probability vectors xg, X;, Xa, . . ., together with a
stochastic matrix P, such that

X; = Pxg, Xz = Pxy, X3= Px,
Thus the Markov chain is described by the first-order difference equation
Xi4+1 = ka fork =0, Vi

When a Markov chain of vectors in R” describes a system or a sequence of
experiments, the entries in x; list, respectively, the probabilities that the system is in
each of n possible states, or the probabilities that the outcome of the experiment is one
of n possible outcomes. For this reason, X is often called a state vector.



EXAMPLE 1 Section 1.10 examined a model for population movement between a
city and its suburbs. See Figure 1. The annual migration between these two parts of the
metropolitan region was governed by the migration matrix M :

From
City Suburbs To
_[-95 .03] ciy — [-60]
M= [.05 .97] Suburbs : 40

That is, each year 5% of the city population moves to the suburbs, and 3% of the suburban
population moves to the city. The columns of M are probability vectors, so M is a
stochastic matrix. Suppose the 2020 population of the region is 600,000 in the city and
400,000 in the suburbs. Then the initial distribution of the population in the region is
given previously by xg in (1). What is the distribution of the population in 2021? In
20227

Population .Pop.)ulatcion' el
distribution in distribution in distribution in
2020 2021 2022

85 031|600 _ [o82 95 03 || 382 _ | 565
05 97| .400 | | .418 05 97 || .418 | | .435

. A . v




Example:

The voting results for three teams (A, B and C) are

Represented by vector x:

% voting to A
x = |% voting to B
% voting to C

AT
05

The voting results is observed to change according to the following

matrix:
A
.70
P =1.20
10

A
B
C

Determine the likely outcome of the next voting and the likely outcome of the voting after that.

SOLUTION The outcome of the next election is described by the state vector x, and

that of the election after that by x,, where

70
X = PX() = .20
.10

.70
Xy = PXy= | 20
10

10
.80
10

10
.80
10

.30
.30
40

.30
.30
40

L

70

.Zf)

A «

10

30 A0 .10

C

0
R
Xg = | .40
.05
557 [ .440
A0 | = | 445
.05_/L.115
[.440 ] [.3870
A45 | = | 4785
| 115 ] | 1345

30



Predicting the Distant Future

THEOREM 10 Stochastic Matrices
If P is a stochastic matrix, then 1 is an eigenvalue of P.
BB 1 31337 [.3064 7 30327 3016 ]
EXAMPLE 3 LetP=|.3 .8 .3 |andxp= | O |.Consider asystem whose M S0 b B LAl wes | D |, 35T | i
5 6 % 0 | 1242 | | 1123 | | 1062 | | 1031 |
state is described by the Markov chain x4+ = Pxy, for k = 0, 1,... What happens to g 2823 . 'gggg " gggi " ggg;
. ‘ ~ 8= . . e . ) 10 = . ’ I == .
the system as time passes? Compute the state vectors X, ..., X;s to find out. 1016 [ 1008 [ 1004 | | 1002 |
[ .30005 [.30002 [.30001 [.30001
SOLUTION a steady-state vector X2 = | .59985 [, xi3=|.59993 |, xu=| .59996 |, xi5=|.59998
E ey (or equilibrium [ 10010 | 10005 | 10002 | 10001
2, o i ! 3 vector) for P
X =Pxsg=| 3 & 3 1= 3 3
a0 4 0 3 These vectors seem to be approaching q = | .6 |. The probabilities are hardly changing
L. 4L il
5 2 SE 37 from one value of k to the next. Observe that the following calculation is exact (with no
w=PMi=]3 & .3 3= A5 rounding error):
2 B 2 18
vy T 5 B 9 B A5+ .12 + .03 30
& ol 43 37 .329 Pe=|3 B 3||.6|=| 08448 0% | = | .60 =9
=Po=| .3 B 3|48 | =|:525 2 0 4]].1 06+ 0 + .04 10
| 2 0 4|18 146

The results of further calculations are shown below, with entries rounded to four or five
significant figures.

When the system is in state g, there is no change in the system from one measurement
to the next. B



Steady-State Vectors

.625
population migration matrix M in Example 1, because

EXAMPLE 4 The probability vector q = ['375] is a steady-state vector for the

e |95 0373757 _[35625+ 018757 _ [ 3757 _ =
|85 97|l 65| | 01875608695 |" | 635 |9

How to find the study-state vector?
1. Solve the homogenous equation(A — I)x = 0

2. Make the eigenvector we got in Step 1 a probability vector by

scaling the vector by 1/(sum of entries)




.6

EXAMPLE 5 Let P — [ ;

; ] Find a steady-state vector for P.

SOLUTION First, solve the equation Px = X.
Finally, find a probability vector in the set of all solutions of Px = x. This process

Px—x=0 is easy, since every solution is a multiple of the solution w. Divide w by the sum of its
Px—1Ix=0 Recall from Section 1.4 that /x = X, entries and obtain
(P-Dx=0 g 3/7
4/7

For P as above,
As a check, compute

P—Iz[:2 3]_[(1) (1)]2[_:: —;] pa— [ 6/10 3/10[3/77 _ [18/70+12/707 _ [30/707 _ e
q_[4/10 7/10 [4/7]_ 12/70+23/70]—[40/70]—q

To find all solutions of (P — I)x = 0, row reduce the augmented matrix:
-4 3 0 -4 3 0 1 =3/4 0
4 =3 0 Q U B 0 0 0

Then x; = %xz and x; is free. The general solution is x3 [3{ " ]

3/4

Next, choose a simple basis for the solution space. One obvious choice is 1

. ) G 7 3 g
but a better choice with no fractions is w = [ 4] (corresponding to x, = 4).
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Example:

The voting results for three teams (A, B and C) are
Represented by vector x:

70 80
% voting to A 35 20
x = | % voting to B xg = | .40 A b B
% voting to C 05 10
The voting results is observed to change according to the following 30 sdl L 30
matrix: From
A B C C
To
70 .10 307
P=|.20 8 .30 8 0

0 10 40 C

What percentage of the voters are likely to vote for team B if voting is repeated so many times assuming that
the voting outcomes form a Markov chain?

HPR 3 1L F 0 1 0 —-9/4 0
SOIUtlon' 2 -2 3 0|~|0 1 -15/4 O
1 1 -6 0 0 O 0 0
We need to find the
equilibrium vector The general solution of (P — I)x = 0is x; = g.Y3..\’2 = 'Tsx3, and x3 is free. Choosing
x3 = 4, we obtain a basis for the solution space whose entries are integers, and from this
T we easily find the steady-state vector whose entries sum to 1:
[(P—=1) 0]= 2—2 3 0 9 9/28 32 eventually, about 54% of
P A= w=|15]|, and q=| 15/28 | ~ | .54 the vote will be for team B

4 4/28 14
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