
To find eigenvectors, solve eq 𝐴 − ܫߣ ܠ = 0
ܠ = 2ݔ1ݔ = 

(−0.4 − 2ݔ2ݔ(0.8݅ = 2ݔ −0.4 − 0.8݅1choose 2ݔ = 5 to avoid fractions, ∴ 1ܞ = −2 − 4݅5
ܠ = 2ݔ1ݔ = 

(−0.4 + 2ݔ2ݔ(0.8݅ = 2ݔ −0.4 + 0.8݅1choose 2ݔ = 5 to avoid fractions, ∴ 1ܞ = −2 + 4݅5



The conjugate 



CP

P –1

Check



Long-term evaluation:

Example

Solution

We should find the values of c1, c2, c3. We use the fact: 0ܠ = 1ܞ1ܿ + 2ܞ2ܿ + 3ܞ3ܿ

111−2 = 3ܞ 2ܞ 1ܞ ܿ1ܿ2ܿ3
Solve the system,

We get



The solution of a differential equation can be written as: ܠ ݐ = 1݁ఒ1௧ܞ1ܿ + 2݁ఒ2௧ܞ2ܿ + ⋯ + ܿ௡ܞ௡݁ఒ೙௧eigenfunctions of the differential equation ܠ ݐ = ఒ௧݁ ܞ

Example: For a differential equation ,  where

Solution:



Example:

Solution:







If an estimate of ߣ is not provided, 

then you can assume ߙ = 0 to find 

the smallest eigenvalue 







Population 

distribution in 

2020 

Population 

distribution in 

2021 

Population 

distribution in 

2022 



Example:
The voting results for three teams (A, B and C) are

Represented by vector x: 

ܠ = % voting to A% voting to B% voting to C
The voting results is observed to change according to the following 

matrix: From

A           B          C
To

A           

B         

C

Determine the likely outcome of the next voting and the likely outcome of the voting after that.



a steady-state vector 

(or equilibrium 

vector) for P



How to find the study-state vector?

1. Solve the homogenous equation 𝐴 − ܫ ܠ = 0
2. Make the eigenvector we got in Step 1 a probability vector by 

scaling the vector by  1/(sum of entries)  





a stochastic matrix is regular if some matrix power P k

contains only positive entries (all entries > 0 ).



Example:
The voting results for three teams (A, B and C) are

Represented by vector x: 

ܠ = % voting to A% voting to B% voting to C
The voting results is observed to change according to the following 

matrix: From

A           B          C
To

A           

B         

C

What percentage of the voters are likely to vote for team B if voting is repeated so many times assuming that 

the voting outcomes form a Markov chain? 

Solution:

eventually, about 54% of 

the vote will be for team B

We need to find the 

equilibrium vector  


	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50

