Diagonalization

THEOREM 5 The Diagonalization Theorem

An n x n matrix A is diagonalizable if and only if A has n linearly independent
eigenvectors.

In fact, A = PDP~!, with D a diagonal matrix, if and only if the columns of
P are n linearly independent eigenvectors of A. In this case, the diagonal entries
of D are eigenvalues of A that correspond, respectively, to the eigenvectors in P.

THEOREM 6 An n x n matrix with n distinct eigenvalues is diagonalizable.

The opposite is not always true. |
It is not necessary for an n X n matrix
to have n distinct eigenvalues in order

to be diagonalizable.



Diagonalization

How to diagonalize a matrix A (find matrix P, and a diagonal matrix D)

Step 1. Find the eigenvalues of A. To avoid finding P 1, it
Step 2. Find linearly independent eigenvectors of A. IS easler to calculate
AP =PD
Step 3. Construct P from the vectors in step 2. instead of
A=PDP-

Step 4. Construct D from the corresponding eigenvalues. /




EXAMPLE 3 Diagonalize the following matrix, if possible.

P & 3
di=t|-8 -6 -8
1 3 |

That is, find an invertible matrix P and a diagonal matrix D such that 4 = PDP !,

Step 1. Find the eigenvalues of A.

R3 =R3 + R2 C3=C3-C2
1-41 3 3 1-1 3 3
det(A—Al) =det| -3 —-5-1 -3 |=det| -3 —-5-21 -3
3 3 1-1 0 —2—-1 =2-2
1-1 3 0
=det] -3 —-5—-1 24+1|=0
0 —2—-1 0
Cofactor 243 1-4 3 _ 2 _
. (—1)2*3(2+ 1) det | ) _2_/1]—(/1—1)(/1+2) =0
The eigenvalues are A = 1 and A = —2.

Step 2. Find th

Solve equation (A — (1))x =0
Write the solution in parametric vector
form. Them, take the vectors as basis:

1
Basis forA = 1: v; = [—I:l
1

nearly indepeypdent eigenvectors of A.

Solve equation (A — (—2))x =0

Write the solution in parametric vector form.

Them, take the vectors as basis:

—1 -1
Basis forA = —2: v, = I: 1:| and vy = [ 0}
0 |

Step 3. Construct P from the vectors in step 2.

1 —1 =1
P=[v| \ v3]= -1 1 0

Step 4. Construct D from the corresponding eigenvalues.

I 0
D=10-2 0
0 0

. & S0 =1 =] 1 2 2
AP=1|-38 =5 3||=1 1 @|=|=1-2 8
L3 3 1. 1 ¥ 3 1 0 =2

M2 =f =171 ® B 1 2 2
Ph=1~1 1 0|l =2 @|=|=1 =2 @0
LT 0 1]l 0 -2 ] O -2



EXAMPLE 4 Diagonalize the following matrix, if possible.

2 4 3
A=| -4 —6 -3
3 3 1

SOLUTION The characteristic equation of A turns out to be exactly the same as that
in Example 3:

0 =det(d —AI) = =A% =322 +4 = —(A — 1)(A + 2)?

The eigenvalues are A =1 and A = —2. However, it is easy to verify that each
eigenspace is only one-dimensional:

B g
Basis for A = 1: vi=| —I

— 1-

=
Basis for A = —2: Y= 1
0

There are no other eigenvalues, and every eigenvector of A is a multiple of either v; or v,.
Hence it is impossible to construct a basis of R? using eigenvectors of A. By Theorem 5,
A is not diagonalizable. i



EXAMPLE 5 Determine if the following matrix is diagonalizable.

5 =B 1.
A=10 0 7
0 0 =2

SOLUTION This is easy! Since the matrix is triangular, its eigenvalues are obviously 5,
0, and —2. Since A4 is a 3 x 3 matrix with three distinct eigenvalues, A4 is diagonalizable.
B



THEOREM 7

Let A be an n x n matrix whose distinct eigenvalues are Ay, ..., A,.

d.

b.

For | < k < p, the dimension of the eigenspace for A; is less than or equal to
the multiplicity of the eigenvalue Ay.

The matrix A is diagonalizable if and only if the sum of the dimensions of
the eigenspaces equals 7, and this happens if and only if (/) the characteristic
polynomial factors completely into linear factors and (if) the dimension of the
eigenspace for each A equals the multiplicity of A.

If A is diagonalizable and By is a basis for the eigenspace corresponding to A
for each k, then the total collection of vectors in the sets Bj. .. .. B, forms an
eigenvector basis for R”.



zeros(4,1)]

EXAMPLE 6 Diagonalize the following matrix, if possible.

5 0 0 0
0O 5 0 0
= 1 4 =3 0
-1 -2 0 -3
SOLUTION Since A is a triangular matrix, the eigenvalues are 5 and —3, each >> rref(M)

with multiplicity 2. Using the method in Section 5.1, we find a basis for each

. ans =
eigenspace.

—8 —16
BasisforA =5: v = T and v, = g
|0 1
0 0 >> M = [A - (-3)*eye(4) zeros(4,1)]
Basisfor A = =3: v3 = ? and vy = 8
| 0 1
The set {vi,..., v4} is linearly independent, by Theorem 7. So the matrix P =
[vi -+ wva]isinvertible, and A = PDP~!, where
>> rref(M)
-8 =16 0 O 5 0 0 0 ans
4 4 0 0 0O 5 0 0
el s B od pl ™™ 2=y W=l B -
0 10 1 0O 0 0 -3




