The Characteristic Equation

Therefore ........

Recalling some

concepts




The Characteristic Equation

Therefore ........

A scalar A is an eigenvalue of an n x n matrix A if and only if A satisfies the
characteristic equation
det(A— A1) =0



EXAMPLE 1 Find the eigenvalues of A =

a-n=[3 316 2] ]

2—A 3
det{x—!—if}zdﬁ[ 3 —6—.1,]:{}

det(A—AI)=2—-A)(—6— A1) — (3)(3)
= —1246%—21 +1*—-9

- /1'2 34 =21 This is the characteristic equation of
o this example
=A-=3)A+7)

[f det(A — A7) = 0,then A = 3 or A = —7. So the eigenvalues of 4 are 3and —7. W



EXAMPLE 3 Find the characteristic equation of

5 -2 6 -1

0O 3 -8 0

=G 4 = d

|2 @ @ 1|
SOLUTION Form A — A7, and use Theorem 3(d):
[5—2 =2 6
0 3—A -8
det(A — A1) = det 0 0 5_ 3%

0 0 0

=(6-1)EB-1)E-1)(0-2)
The characteristic equation is
5-2)*3-1)(1-2)=0

or

(A=5P(A=3)(A—-1)=0

Expanding the product, we can also write

24— 1423 + 6802 — 1301 4+75=10

—1
0
4

1 -2




EXAMPLE 4 The characteristic polynomial of a 6 x 6 matrix is A° — 4% — 124,
Find the eigenvalues and their multiplicities.

SOLUTION Factor the polynomial
A% P gt M2 ) 1Y =AML —6)(A 3 2)
The eigenvalues are 0 (multiplicity 4), 6 (multiplicity 1), and —2 (multiplicity 1). @

We could also list the eigenvalues in Example 4 as 0,0, 0, 0, 6, and —2, so that the
eigenvalues are repeated according to therr multiplicities.
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Exam ple: Find the characteristic equation and eigenvalues of A = I:; _; :l

The characteristic equation 1s

4 2— A
=(1—=1)2—-21)—(—4)(4) = A* — 31 + 18

0=c1et(A—,U)=det[l_)L =4 ]

From the quadratic formula,

3£ /(—3)2—4(18) 34 /—63
- 2 B

A

It is clear that the characteristic equation has no real solutions, so A has no real

. ¢ A . 2 .
eigenvalues. The matrix A is acting on the real vector space R=, and there is no nonzero
vector v in R? such that Av = Av for some scalar A.
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