CS 223: Computational Linear Algebra

Chapter 5
Eigenvalues and Eigenvectors

Based on Dr. Yasser Mohammad Seddiq slides, modifed as needed



Eigenvectors and Eigenvalues

AX =2x or Ax = —4x

where special vectors are transformed by A into scalar multiples of themselves.

An eigenvector of an n X n matrix A is a nonzero vector x such that Ax = Ax for
some scalar A. A scalar A is called an eigenvalue of A if there is a nontrivial solution
x of Ax = Ax; such an x is called an eigenvector corresponding to A.'

A is an eigenvalue of an n x n matrix A if and only if the equation

(A—AI)x =0 hasanontrivial solution.



How to determine whether a given

scalar A Is an eigenvalue of matrix A

* Determine if the equation
(A-Al)x=0
has a nontrivial solution

e If a nontrivial solution exists, then A is an
eigenvalue of matrix A

How to determine whether a given

vector u iIs an eigenvector of matrix A

* Calculate Au=Db
» |If vector b is a multiple of u, then u is an
eigenvector of matrix A

Given an eigenvalue A, how to find an

eigenvector u of a matrix A

» Find the general solution in parametric
vector form of the equation:
(A-AX)x=0

» Each vector in the general solution
(assuming any nonzero parameter) is a valid
eigenvector of matrix A

How to find the eigenvalues of a

matrix A

Find the solution set of the characteristic
equation det(A-Al)=0

Special case: if A is triangular, then the
eigenvalues are the entries on the main diagonal.




3 .
EXAMPLE 2 Let A = [é g] u= [_g] and v = [_2]. Are u and v eigen-
vectors of A7 | This vector is a multiple of u.
K— Thus, this is an eigenvector
SOLUTION ) o P 5
1 6 6 —24 6
A“—_s 2|l =5 7| 20]—‘4[—5]_—4“
B 61[ 3] [ —9 3
Av = — ?é A This vector is not a multiple of v.
5 2 —2 11 -2 Th . )
2 JL 2 G Ul us, this is not an eigenvector

Thus u is an eigenvector corresponding to an eigenvalue (—4), but v is not an eigenvector
of A, because Av 1s not a multiple of v. O



Solving the homogeneous system = A—AI 0] = [

Write solution in X, IS free
parametric vector

form =»

EXAMPLE 3 Show that 7 is an eigenvalue of matrix A in Example 2, and find the
corresponding eigenvectors.

SOLUTION The scalar 7 is an eigenvalue of A if and only if the equation
Ax = 7x (1)
has a nontrivial solution. But (1) is equivalent to Ax — 7x = 0, or
(A=T7)x=10 (2)

To solve this homogeneous equation, form the matrix

N B B

5 =5 0/ 10

x1=x2

X = X1 _ [*2 — 5 1
B E) R 7 e b eigenvector corresponding to A = 7.

A free variable exists.

-6 6 0]~[1 -1 0] Therefore, the nontrivial
0 O

solution exists

The general solution has the form x; : ] Each vector of this form with x> # 0 is an



4 -1 6
EXAMPLE 4 LetA=|2 1 6

2 -1 8
corresponding eigenspace.
SOLUTION Form
4 —1 6 2 0 0 2 —1
A=-2I=|12 1 6|—-]10 2 O0]|=1]2 -1
2 -1 8 0O 0 2 2 -1
and row reduce the augmented matrix for (A —2/)x =0
2 -1 6 O 2 -1 6 O 2
2 -1 6 O0|~|0 O O O ”[0
2% -1 @& @ 0 0 0 0 0

At this point, it is clear that 2 is indeed an eigenvalue of A because the equation
(A —27)x = 0 has free variables. The general solution is

X1 1/2 -3
X | = x» 1 + x3 0|, x;andx;free
X3 0 1

The eigenspace, shown in Figure 3, is a two-dimensional subspace of R>. A basis is

g

Chose x, =2 and x; =1

6

. An eigenvalue of A is 2. Find a basis for the

-1 6 0 1 -5 3 0
0O 0 Of~j0 O O O
0 0 O 0 0 0 O

X1 —.5%5, +3x3 =0

xl = .5x2 - 3x3
Solution = X, IS free

X3 IS free

l - 3.X3

X1
X = xZ
X3

Why do we choose this values for x, and x;?

Because you can choose any nonzero value

SXZ

—3x3

5

1
0

+ x3

-3
0
1

|



Eigenvalues of triangular matrix

THEOREM |

EXAMPLE S Let A =

3
0
0

6
0
0

=]
6

2

and B =

W o &

ues of A are 3, 0, and 2. The eigenvalues of B are 4 and 1.

W —

- o O

The eigenvalues of a triangular matrix are the entries on its main diagonal.

. The eigenval-



, (6 3 1
Example: ;. cemaeoraz |3 o 5|
2 26

The number 5 1s an eigenvalue of A if and only if the equation (4 — 57)x = 0 has
a nontrivial solution. Form

6 -3 1 5 @ 0 1 =3 1
A—S5I=]13 0O §5|—|0 5§ 0O|=]13 =5 5
2 T 6 0 @ 3 2 2 ]
and row reduce the augmented matrix:
1 =3 1 © 1L =3 1 B 1 -3 1 0
3 =5 & @|=<|0 3 Z G|=|4 4 2 9
2 2 1 @ 0 8 -1 0 0O 0 -5 0

At this point, it is clear that the homogeneous system has no free variables. Thus
A — 51 is an invertible matrix, which means that 5 1s not an eigenvalue of A.
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