Digital Signal Processing

A discrete signal is an infinite sequence of numbers {y,} where k
IS an integer

TABLE | Examples of Signals

Signals

Name Symbol Vector Formal Description

delta h) £ 0.0:0.3:0.0.0:...9 {d,}, where d;, = % ' e (.)
0 ik #0

unit step U oo 0000 T, VoL AL ) {uy }, where u;, = }1 e
0 ifk <0

constant X Gosindsd e bl o i fci}, where ¢ = 1



Digital Signal Processing

A periodic signal is signal for which there exist a positive integer g
such that { p, = p;,, }

® {cm‘( (]1 mk _I,' 7')]
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Linear Time Invariant Transformations




TABLE 2 Applying a Shift Signal

1 ifk=-2
S=2(8) (oo 1000,0.0:... ) fwy ), where wy, = e
0 ifk # -2
, i 1 ifk = —1
S—1(8) (e O E 0. 0.0, .9 fxi ). where x; = :
0 ifk # —I
1 ifk = 0O
) Gy OV0, L0 2y {dy |, where d = ]
0 itk =0
l 3k =1
SHE e & 1 € 14 0 R B § ISR % f» Wh N =
() ( ) 1Dk {, where y; % 0 ifk # 1
S2(6) G 00200 00 {zi}, where z; = : ffk = 2
0 ifk # 2
) :




Digital Signal Processing

EXAMPLE 2 For any positive integer m, the moving average LTI transformation
with time period m is given by

[k
Mu({xi}) = {m} where yp = — Y x

m

Figure 3 illustrates how M3 smooths out a signal. Section 4.2, Figure 3 illustrates
the smoothing that occurred when M, was applied to the same data. As m is increased,

1 1 - 390.00
applying M,, smooths the signal even more. |
.,| - 370.00
e Original signal ll ﬂ i IJ“ | 1 I' - 360.00
= | sl L i ay simple - 350.00

® M()\flng average H“ |,} || ‘ | | ] I “l [H : | fn%\gn‘g/avesge ‘1| “[1' l ‘

FIGURE 3

" ‘ |'||h } - 260.00
; ! L 250.00
- 240.00




EXAMPLE 4 Using the basis By = {8, S(8). S*(8)} for S,, represent the signal

{ ¥k}, where

Yk =

as a vector in R,

SOLUTION First write {yz } as a linear combination of the basis vectors in [3,.

Syt = 28 + 3S(8) + (=1)S2%(8)

,

:

0
2
3
=]

ifk <Oork >3

ifk =0
ifki= 1
if k=2

The coefficients of this linear combination are precisely the entries in the coordinate

2

vector. Thus [{ yi {5, = 3
—1




Linear Difference Equations
Given scalars ay, . . . .a,, with ag and a, nonzero, and given a signal {z; }, the equation
aogYi+n 5 Ay YVi+4n—1 S Rt Apn—1 Vk+1 + An Yk = Tk for all k (3)

is called a linear difference equation (or linear recurrence relation) of order »n. For
simplicity, ag is often taken equal to 1. If {z;} is the zero sequence, the equation is
homogeneous; otherwise, the equation is nonhomogeneous.

EXAMPLE 3 Solutions of a homogeneous difference equation often have the form
{Ve} = {rk } for some r. Find some solutions of the equation

Yi+3 — 2¥k+2 — Syk+1 + 6y =0 forall k (4)
SOLUTION Substitute r* for y; in the equation and factor the left side:
pht3 _opkt2 gkt 4 gk g (5)
r*(r*=2r*=5r+6)=0
o =1D(r+2)(r—3)=0 (6)

Since (5) is equivalent to (6), {r"' i satisfies the difference equation (4) if and only if r
satisfies (6). Thus {1¢}, {(—2)¥}, and {3*} are all solutions of (4). For instance, to verify
that {3*} is a solution of (4), compute

3k+3_2-3k+2_5.3k+l +63I\
=3K27-18-154+6) =0 forall k o
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Reduction to Systems of First-Order Equations

In general, the equation

Yk+n 5 o a1 Vic+n—1 o plL B o Ap—1 Vi+1 -+ Ay ¥V = (0 forall k

can be rewritten as X34+, = Ax; for all £, where

Yk
Yi+1

| Vi+n—1

0

0

0
—dy

0
—dp—




EXAMPLE & Write the following difference equation as a first-order system:

Vi+3 — 2Vk+2 — Syk+1 + 6y =0 forall k
SOLUTION For each &, set

Yk
X = | YVik+1
Yk+2
@ 1T D
X1 = Ax;, forallk, where A= 0 0 1 9]

—6

N
%]
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