CS 223: Computational Linear Algebra

Chapter 4
Vector Spaces

Based on Dr. Yasser Mohammad Seddiq slides
Modified as needed



Subspaces




EXAMPLE 12 Let H be the set of all vectors of the form (@ —3b.b —a.a.b).
where a and b are arbitrary scalars. That is, let H = {(a —3b.h —a,a,b) : a and b
in R}. Show that H is a subspace of R*.

SOLUTION Write the vectors in H as column vectors. Then an arbitrary vector in H
has the form

=35 | 1 -3
b —a -1 ]
s |=% 1|+ 6

L& | L@l L 1l

4 4
Vi Va

This calculation shows that H = Span {vy, v}, where v; and v, are the vectors indicated
above. Thus H is a subspace of R* by Theorem 1. [



The Null Space of a Matrix

DEFINITION

A more dynamic description of Nul A is the set of all x in R” that are mapped into
the zero vector of R™ via the linear transformation x — Ax. See Figure 1.

FIGURE 1
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EXAMPLE 1 Let A be the matrix in (2), and letu = 3 |.Determine if u belongs
—2

to the null space of A.
SOLUTION To test if u satisfies Au = 0, simply compute

o] BB 2 2_ 5— 94+47 [0
el 9 ] = |~ | 254-29-3] " |6

Thus u 1s in Nul A. ]




THEOREM 2 The null space of anm x n matrix A is a subspace of R". Equivalently, the set of all
solutions to a system Ax = 0 of m homogeneous linear equations in # unknowns
is a subspace of R”.

EXAMPLE 2 Let H be the set of all vectors in R* whose coordinates a, b, ¢, d
satisfy the equations a — 2b + 5¢ = d and ¢ —a = b. Show that H is a subspace of
R4,

SOLUTION Rearrange the equations that describe the elements of H, and note that H
is the set of all solutions of the following system of homogeneous linear equations:

a—2b4 5 —-d=0 1] ) 5 —1
al L +0 |23 +c3]+al 3 =0
e Bas p =0 - [—1 —1 1 0
in this example, consider a,
By Theorem 2, H is a subspace of R*, b, ¢, d as Xy, X,, X3, Xs-

Does it look familiar now?!

Remember the parametric
vector form of solution




EXAMPLE 3 Find a spanning set for the null space of the matrix

—=5 b =L 1 =3
A= § = 2 & aH
2 -4 5 8 —4
SOLUTION The first step is to find the general solution of Ax = () in terms of free

variables. Row reduce the augmented matrix [ A 0] to reduced echelon form in order
to write the basic variables in terms of the free variables:

L =3 § = B @ Xy — 2% — X3+ 3x5=0
0 0 1 2 =2 O | X3 + 2x4 —2x5 = 0
¢ 0 0 ¢ 0 0 0:==0
The general solution is x; = 2x3 + x4 — 3xs5, X3 = —2x4 + 2xs, with X3, x4, and x5

free. Next, decompose the vector giving the general solution into a linear combination
of vectors where the weights are the free variables. That is,

X i 2X7 + X4 — 3X;5 3] 2 1 -3

X2 X2 1 0 0

X3 | = —2x4 + 2X5 =x2| O | +x4] =2 | +x5] 2

X4 X4 0 1 0

< X5 2] L X3 o % 0 2 B 0 ] 3 1 )
| ) 1
u \ w
= XsU + X4V + XsW (3)

Every linear combination of u, v, and w is an element of Nul 4 and vice versa. Thus
{u, v, w} is a spanning set for Nul A. 2



The Column Space of a Matrix




EXAMPLE 4 Find a matrix A such that W = Col A.

w

f

4

\

 6a —b |
a-+bh
—Ta

a,bimR

SOLUTION First, write W as a set of linear combinations.

W =

Second, use the vectors in the spanning set as the columns of 4. Let A =

Then W = Col A, as desired.

a

6
1

——7—

+b

~a,binR

= Span 4




The Row Space

The set of all linear combinations of the rows of a matrix

EXAMPLE 5 Let

[ 8 5 g O 17 | F = (=2,—5:8.0,—-17)
| 1 3 51 5 r, = (1,3,—5,1,5)
A= & M gy 1 | BT
L 1 Y=g %) rs = (1,7,—13,5, —-3)

The row space of A is the subspace of R spanned by {r;,r>,.r3, rgf. Thatis, Row A =
Span {r;.r;, r3, ry}. It is natural to write row vectors horizontally; however, they may
also be written as column vectors if that is more convenient. [



The Contrast Between Nul A and Col A

Contrast Between Nul A and Col A for an m x n Matrix A

Nul A

ColA

. Nul 4 is a subspace of R".
. Nul A4 is implicitly defined; that is, you are
given only a condition (Ax = 0) that vec-
tors in Nul A must satisfy.

. It takes time to find vectors in Nul A. Row
operationson [ A 0] are required.

. There is no obvious relation between Nul A
and the entries in A.

. A typical vector v in Nul A has the property
that Av = 0.

. Given a specific vector v, it is easy to tell if
v is in Nul A. Just compute Ayv.

. Nul A = {0} if and only if the equation

Ax = 0 has only the trivial solution.

. Nul A = {0} if and only if the linear trans-
formation x > AX is one-to-one.

. Col A4 is a subspace of R"™.
2. Col A is explicitly defined; that is, you are

told how to build vectors in Col A.

. It is easy to find vectors in Col A. The

columns of A are displayed; others are
formed from them.

. There is an obvious relation between Col A

and the entries in A. since each column of
AisinCol A.

. A typical vector v in Col A has the property

that the equation Ax = v is consistent.

. Given a specific vector v, it may take time

to tell if v is in Col A. Row operations on
[A v]are required.

. Col A = R™ if and only if the equation

Ax = b has a solution for every b in R™.

. Col A = R™ if and only if the linear trans-

formation x > Ax maps R” onto R".




The Contrast Between Nul A and Col A

EXAMPLE 6 Let

2 4 -2 1
A=|-2 -5 7 3
3 7 -8 6_

a. If the column space of A is a subspace of R¥, what is k?
b. If the null space of A is a subspace of R, what is k?

SOLUTION

a. The columns of 4 each have three entries, so Col A is a subspace of R, where k = 3.

b. A vector x such that Ax is defined must have four entries, so Nul A is a subspace of
R*, where k = 4. m



EXAMPLE 7 With A as in Example 6, find a nonzero vector in Col A and a nonzero
vector in Nul A,

SOLUTION Itis easy to find a vector in Col A. Any column of A will do, say, | —2
3

To find a nonzero vector in Nul A, row reduce the augmented matrix [ A 0] and obtain

1 0 9 0 0
[A 0]~|0 1 =5 0 O
A O & L 9
Thus, if x satishies Ax = 0, then x; = —9x3, x> = 5x3, x4 = 0, and x3 1s free. As-

signing a nonzero value to x;—say, x3 = l—we obtain a vector in Nul A, namely,
x = (-9,5,1,0). ]



- 37
EXAMPLE 8 With A as in Example 6. letu= | % |andv = | 1
Is u a solution for Ax=07? 0 3
a. Determine if u is in Nul A. Could u be in Col A?
b. Determine if v is in Col A. Could v be in Nul A?
SOLUTION Is vin the span?

a. An explicit description of Nul A4 is not needed here. Simply compute the product Au.

3

2 43 17| 0 0
an=|-2 -5 7 3| T|=|-3|#]|0
3 78 6] 5 3 0

Obviously, u is not a solution of Ax = 0, sou is not in Nul A. Also, with four entries,
u could not possibly be in Col A, since Col A is a subspace of R?.

b. Reduce [A v]toan echelon form.

5 & =3 T 3 9 -8 1 3
[ yi=|=2 8 7 Bl |w]|0 1 =5t -3
3 7 =8 6 B3 o 8 o 13 9

At this point, it is clear that the equation AX = v is consistent, so v is in Col A.

With only three entries, v could not possibly be in Nul A, since Nul 4 is a subspace
of R*. B



Kernel and Range of a Linear Transformation

o= |

>
22 v
- P
F > 0
0 =T
Kernel 18 a Range is a
subspace of V subspace of W

FIGURE 2 Subspaces associated with
a linear transformation.

kernel and the range of T are just the null space and the column space of
A, respectively



Linearly Independent Sets; Bases

THEOREM 4 An indexed set {vi,...,v,} of two or more vectors, with v; # 0, is linearly
dependent if and only if some v; (with j > 1) is a linear combination of the
preceding vectors, Vi, ...,V _|.

EXAMPLE 1 Let p,(t) =1, p,(t) =1t, and p;(t) =4 —t. Then {p,,p,, pP;} is
linearly dependent in [P because p; = 4p; — p». g



Linearly Independent Sets; Bases

EXAMPLE 3 Let A be an invertible n x n matrix—say, A = [a; --- a,]. Then
the columns of A form a basis for R” because they are linearly independent and they
span R”, by the Invertible Matrix Theorem. =



The Spanning Set Theorem

THEOREM 5

The Spanning Set Theorem
LetS = {vi,....V,} beasetina vector space V,and let H = Span {vi,...,v,}.

a. If one of the vectors in S—say, v;—is a linear combination of the remaining

vectors in S, then the set formed from S by removing vy still spans H .
b. If H # {0}, some subset of S is a basis for H.

Even if we remove that vector, which is a
combination of the remaining vectors, the remaining
vectors still do span H




EXAMPLE 7 Let

0 2 6
vV, = 2 s =] 2 v3=| 16 |, and H = Span{v,,v,,v3}.
—1 0 —5

Note that v3 = 5v; + 3v;, and show that Span {vy, v2.v3} = Span{v;, v>}. Then find a
basis for the subspace H.

v, and v, still span H (theorem 5)

v, and v, are linearly independent (not multiple of each other )
Therefore, {v, , V,} Is a basis of H

Alternative
approach:
Consider this as asking

for basis of Col A.

Then, we find echelon form
(or reduced echelon form)

Pivot columns are C1 and C2.
Therefore, {v,, V,} Is a basis of Col A




Bases for Nul A, Col A, and Row A

THEOREM 6 The pivot columns of a matrix A form a basis for Col A.

Example 1 4 0 2 -
. . 3 12 L &5 B8
Find a basis for Col A A=la  a as | = 2 & 1 & 2
5§ 20 2 B B8]
™1 4 0 2 @
the reduced echelon form 0 0 1 -1 0] Pivotcolumns are C1, C3 and C5.
g g : 3 é Therefore, {a, , a5, a:} Is a basis of Col A




Basis of Row Space

Steps:
1. Find the echelon form
2. Indicate the nonzero rows

3. Take the corresponding rows from
the echelon form




EXAMPLE 10 Find a basis for the row space of the matrix A from Example 9.

SOLUTION To find a basis for the row space, recall that matrix A from Example 9 is
row equivalent to matrix B from Example 8:

“F B0 =1 1 4 0 290
A=312155~B=OO]—10
9 B 13 @9 0 00 0 1
L5t 200 28 8 | L0 0 00

By Theorem 7, the first three rows of B form a basis for the row space of A (as well as
for the row space of B). Thus

Basis for Row 4 : {(1,4.0,2,0),(0,0,1,—1,0), (0,0,0,0, 1)}



Coordinate Systems

THEOREM 8 The Unique Representation Theorem

Let B = {by.....b,} be a basis for a vector space V. Then for each x in V, there
exists a unique set of scalars ¢y, ..., ¢, such that

x=ciby + -+ ¢;by (1)

The coordinate vector is the This is the coordinate vector

. weights that generate the (weights)
The basis vectors Siven vector

PB[x]3= -

In the formof Ax=Db



o 2151 =1o) =



4

| 1 5

coordinate vector [ X |, of x relative to B.

SOLUTION The B-coordinates ¢, ¢; of x satisfy

ool 11

EXAMPLE 4 leth, = [2], b, = [_l ] X = [ ] and B = {b;,b;}. Find the

l)i b_.‘j X
or
2 —1 €31 . 4
[ fe]=[5]
by, b, X

This equation can be solved by row operations on an augmented matrix or by
multiplying the vector x by the inverse of the matrix. In any case, the solution is ¢; = 3,
¢> = 2. Thus x = 3b; 4+ 2b,, and

ste=[2]=[3]

See Figure 4. (3]

s St A% ~\\
g S ;

b | b

FIGURE 4

The B-coordinate vector of x is
(3,2).



EXAMPLE 7 Let

3 —1 3
vi= 1|6 vy = 0 x= | 12
2 1 7

and B = {v,, vo}. Then B is a basis for H = Span{v,, v»}. Determine if x is in H, and
if it is, find the coordinate vector of x relative to B.

SOLUTION Ifxisin H, then the following vector equation is consistent:

3 —1 3
c1| 6 | +c 0 | =112
2 I 7

The scalars ¢; and ¢, if they exist, are the B-coordinates of x. Using row operations, we
obtain

3 =1 3 I A 2
g O 12 [|=| d 3
2 A o O 9

: 2 : :
Thus ¢; = 2,¢; = 3,and [Xx],; = [3 ] The coordinate system on H determined by 55

1s shown in Figure 7. o



Practice problem 1

1. Show that the set H of all points in R? of the form (3s,2 + 5s) is not a vector space,
by showing that it 1s not closed under scalar multiplication. (Find a specific vector u
in H and a scalar ¢ such that cu 1s not in H.)

2. Let W = Span{vy,...,v,}, where v|,..., v, are in a vector space V. Show that vy
is in W for 1 < k < p. |Hint: First write an equation that shows that v, is in W.
Then adjust your notation for the general case.|

3. Ann x n matrix A is said to be symmetric if A7 = A. Let S be the set of all 3 x 3
symmetric matrices. Show that § is a subspace of M3x3, the vector space of 3 x 3
matrices.



Practice problem 2

a
1. Let W = b |:a—3b—c=0;. Show in two different ways that W is a
c

subspace of R3. (Use two theorems.)

7 =3 5 2 7
2. letA=| -4 1 =5 |,v= 1 [,and w = 6 |.Suppose you know that
-5 2 —4 —1 -3

the equations Ax = v and Ax = w are both consistent. What can you say about the
equation AX = v + w?

3. Let A be an n x n matrix. If Col A = Nul A4, show that Nul 4> = R”.



Practice problem 3

1 -2
. Letvy = | =2 |andv, = 7 |.Determine if {v, v,} is a basis for R3.Is {v;, v,}
3 -9
a basis for R??
1 6 2 —4
Letvi=| =3 |,v, = 2|,v3=1| —2 |,and vy = | —8 |. Find a basis for
| 4 —1 3 9
the subspace W spanned by {v;, v2, v3, v4}.
1 0 s
Dletvi =10 |,vo=|1],and H = s | :sin R;.Then every vectorin H is
| 0 0
a linear combination of v, and v, because
§ 1
s | =51 0| +s(1
0 0

Is {vy,v>} a basis for H?

. Let V and W be vector spaces,let 7 : V — W and U : V — W be linear transfor-
mations, and let {vy, ..., v,} be a basis for V. If T(v;) = U(v;) for every value of
J between 1 and p, show that T'(x) = U(x) for every vector xin V.
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