A Formula for A
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Steps:

1. Calculate cofactor at position (i, j)
of the original matrix A.

2. Assign result to position (j, i)
(opposite order of i and j) in the

Cn n_

adjugate matrix (adj A)
3. Repeat for all entries in A and adj A
4. Multiply scalar 1/det A by adj A

The matrix of cofactors on the right side of (4) is called the adjugate (or classical
adjoint) of 4, denoted by adj A. (The term adjoint also has another meaning in advanced
texts on linear transformations.) The next theorem simply restates (4).

THEOREM 8 An Inverse Formula

Let 4 be an invertible n x n matrix. Then

|
det A

A7 =

adj A



= 7
4 =3

2 1 3
EXAMPLE 3 Find the inverse of the matrix 4 = | 1
l

SOLUTION The nine cofactors are
1 -1

| 1
C“ +‘ 4 _2‘_ 2 C|2 ‘l _2‘=3. C13=+|1 4‘=5
1 3 2 3 2 |
G5 &= ‘4 _2'=l4 sz—-i-‘l _2|=—7, C23=—‘l 4'=—7
1 . 3 2 1
C11=+|_1 1‘24 Cs = 1 1‘=1, C33=+)1 _1‘2—3

The adjugate matrix is the transpose of the matrix of cofactors. [For instance, C|, goes
in the (2, 1) position.] Thus

-2 14 4
adjd=| 3 -7 1
5 —7 =3
det A = 14 and
1 [-2 14 4 —~1/7 . 2/
A b | g =g 1 |=| 304 =12 1/14 3]

| & -7 =3 5/14 —1/2 —3/14



Determinants as Area or Volume

THEOREM 9




EXAMPLE 4 Calculate the area of the parallelogram determined by the points
(—2,-2),(0,3), (4,—1), and (6, 4). See Figure 5(a).

SOLUTION First translate the parallelogram to one having the origin as a vertex. For
example, subtract the vertex (—2,—2) from each of the four vertices. The new paral-
lelogram has the same area, and its vertices are (0,0), (2.5), (6.1), and (8.6). See
Figure 5(b). This parallelogram is determined by the columns of

2 6
=[5 1]

Since |det A| = |—28]|, the area of the parallelogram is 28. y ;_#,-ff]/

(a) (h)

FIGURE 5 Translating a parallelogram does not change its
area.



Linear Transformations

THEOREM 10

Example.

The area after
transformation is equal to

Let T : R? — R? be the linear transformation determined by a 2 x 2 matrix A. If the area before
S is a parallelogram in R?, then transformation multiplied by
the det of A
{area of T(S)} = |det A| - {area of S} (5)

The volume after
transformation is equal to
the volume before
transformation multiplied by
the det of A

If T is determined by a 3 x 3 matrix A, and if S is a parallelepiped in R?, then

{volume of 7(S)} = |det A| - {volume of S} (6)

Let S be the parallelogram determined by the vectors b; = [,1; ] and b, = [f] and

let:A = l:(l) —'; ] Compute the area of the image of S under the mapping x — AXx.

1 5
dc:t|:3 1]

image of S under the mapping X — Ax 18

The area of § is = 14, and det A = 2. By Theorem 10, the area of the

|det A| - {areaof S} =2-14 = 28



Practice problem 1

Determine the values of the parameter s for which the system has a
unique solution, and describe the solution:

|
LN

3sx1 + 5x, =3
12x; + 5sx; = 2

bsx; + 4x>
Ox + 2s5x,

|
|
N
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Practice problem 2

Compute the adjugate of the given matrix, and then use Theorem 8 to
give the inverse of the matrix.

0 —2 —1] 1
S5 0 0 ol =2 2
—1 l l 0

—
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Practice problem 3

Show that if Ais 2 x 2, then Theorem 8 gives the same formula for A as
the one given in Section 2.2



Practice problem 4

Let S be the parallelogram determined by the vectors

—2 —2 6 —3
bl_[ 3]andhg_|: 5],and letx—l_|:_3 2].

Compute the area of the image of S under the mapping
X — Ax.
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Practice problem 5

Find the area of the parallelogram whose vertices are listed:

(0,0),(5,2),(6,4),(11,6)

(1, 0),(2, 5),(3,-4), and (4, 1)
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