Determinant of invertible and noninvertible matrices
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Typif:al echelon forms of square r is the number of interchange
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THEOREM 4 A square matrix A4 is invertible if and only if det A # 0.

Corollary:

det A = 0 when columns of A are linearly dependent

Also, det A = 0 when rows of A are linearly dependent

linear dependence is obvious when two columns or two rows are the same OR a column or a row is zero
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Determinant of invertible and noninvertible matrices

3 2] B eedE
0 5 -3 -6
EXAMPLE 3 Compute det A, where A = e Hoee a4
| 58 -8 0 9_
SOLUTION Add 2 times row 1 to row 3 to obtain
B =] 1@ =&
0 5 —3 —6
det A = det 0 5 —3 —6 ==t
Lo =t W 9_

because the second and third rows of the second matrix are equal.
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EXAMPLE 4 Compute det A, where A =

0

2

o B & 2
| -2 5 4 =3

——

SOLUTION A good way to begin is to use the 2 in column 1 as a pivot, eliminating
the —2 below it. Then use a cofactor expansion to reduce the size of the determinant,

followed by another row replacement operation. Thus negative sign : (—1)2*! from

cofactor expansion
0 | 2 —1
2 5 _7 3 1 2 —1 1 2 —1
detA = =-2|13 6 2(=-2/10 0 5
0 3 & 2
0 0 —3 l 0 -3 1 0 -3 1
i

An interchange of rows 2 and 3 would produce a “triangular determinant.” Another
approach is to make a cofactor expansion down the first column:

det A = (—2)(1)‘ _g fl = —2(15) = —30 =



Column Operations

THEOREM 5 If A is an n x n matrix. then det A7 = det A.

Therefore, we can perform operations on the columns of a matrix in a way that is
analogous to the row operation, and the determinant won’t be affected
Determinants and Matrix Products

THEOREM 6 Multiplicative Property
If A and B are n x n matrices, then det AB = (det A)(det B).

Warning: A common misconception is that Theorem 6 has an analogue for sums of
matrices. However, det(A4 + B) is not equal to det A + det B, in general.



EXAMPLE 5 VerifyTheorem6forA=[g ;]anw:[‘l‘ g]

& 14 3 25 20
=5 5l 3]=[h B
det AB = 25(13) — 20(14) = 325 — 280 = 45

Sincedet A = 9anddet B = 5,
(det A)(det B) = 9(5) = 45 = det AB

SOLUTION

and



A Linearity Property of the Determinant Function

For an n x n matrix A, we can consider det A as a function of the 7 column vectors in A.
We will show that if all columns except one are held fixed, then det A is a linear function
of that one (vector) variable.

Suppose that the jth column of A4 is allowed to vary, and write

A=[a, -+ aj; X ajp - ay]
Define a transformation 7" from R” to R by

T(x) =det[ai - ajy =x aygr = a]
Then,

T(cx) = ¢T(x) for all scalars ¢ and all x in R" (2)
Tu+v)=T()+ T(v) forallu, vinR" (3)



Cramer’s Rule

For any n x n matrix A and any b in R", let A; (b) be the matrix obtained from A
by replacing column i by the vector b.

Ai(b) = [a

ay]

b
4

col i

THEOREM 7




EXAMPLE 1 Use Cramer’s rule to solve the system

3Ix —2x, =6
—5.\’-1 + 4)(2 =3

SOLUTION View the system as Ax = b. Using the notation introduced above,

3 -2 6 —2 3 6
=[ 272 so=[S ] aw=[3 §]

Since det A = 2, the system has a unique solution. By Cramer’s rule,

o detA;(b) 24416 — 5
det A # 0. i detA 2 o

Therefore, Ais invertible det A,(b) 24 + 30
Xy = — o
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Practice problem 1

Compute | -3 1 -2

1
2 -5 -1 -2|

by starting a row reduction to echelon form.
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Practice problem 2

Use Cramer’s rule to compute the solutions of the following systems:

) ::.1'| —+ _-".'I.'_' =3
d
20y 4+ 4x =1
X, .-'".'I.': + ;=4

b) —X] T+ 2x; =2

.q.'l.'| T— X3

I
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