CS 223: Computational Linear Algebra

Chapter 3
Determinants

Based on Dr. Yasser Mohammad Seddiq slides
Modified as needed



Determinants
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EXAMPLE 1 Compute the determinant of

—

1 &5 ¥
A=|2 4 -1
0 =2 0

SOLUTION Computedet A = a;ydet A, —a;pdet Ay + a;3det A;5:

4 —1 2 —1 2 4
detA—ldet[_2 0]—5det[0 0:|+Odet[0 _2]

= 1(0=2) —5(0 = 0) + 0(—4 — 0) = —2 ul

Another common notation for the determinant of a matrix uses a pair of vertical
lines in place of brackets. Thus the calculation in Example 1 can be written as
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Cofactor Expansion

Cij = (—1)'" det A;; (4)

The determinant of an n X n matrix A can be computed by a cofactor expansion

across any row or down any column. The expansion across the i th row using the
cofactors in (4) is

detA =a1Ci +ai2Cia + -+ + ainCin

The cofactor expansion down the jth column is

det A = aljclj +02jC2j e +anjC"f

The plus or minus sign in the (7, j )-cofactor depends on the position of ¢;; in the
matrix, regardless of the sign of a;; itself. The factor (—1)"*/ determines the following
checkerboard pattern of signs:
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EXAMPLE 2 Use a cofactor expansion across the third row to compute det A, where

—

1 5 B
A=|2 4 -1
0 2 0

SOLUTION Compute

det A = a31C3 + a32C3 + a33Cs;3
= (=1)**las det A3 + (—1)*Taz det A3 + (—1)° a3z det As;

5 0 1 5
4 —] 2 4

=0+2(-1) +0=—-2
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EXAMPLE 3 Compute det A, where

— —

3 -7 8 9 -6
0 2 =5 7 3
A=[0 0 1 5 0
0 0 2 4 -
0 0 0 -2 0]

SOLUTION The cofactor expansion down the first column of A has all terms equal to
zero except the first. Thus

detA =3

3
_.(l) +0C; +0C3 +0Cy +0C5
0

O C N
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Henceforth we will omit the zero terms in the cofactor expansion. Next, expand this
4 x 4 determinant down the first column to take advantage of the zeros there. We have

1 5 0
detA =322 |2 4 —1
0 =2 0

This 3 x 3 determinant was computed in Example 1 and found to equal —2. Hence
det A = 3(2)(—2) = —12. =



Example F -5 B B
0 3 0 —4

Compute 5 8 0 3l

0 5 0D =6

Take advantage of the zeros. Begin with a cofactor expansion down the third column to
obtain a 3 x 3 matrix, which may be evaluated by an expansion down its first column.

0 3 —4
0 3 0 —4

w0 M = (=i )|<5 <8 3
0 5 0 —6 iR

_ 2(_1)2+1(_5)‘ g :2‘ =20

The (—1)**! in the next-to-last calculation came from the (2, 1)-position of the —5 in
the 3 x 3 determinant.



Determinant of a Triangular Matrix

If A is a triangular matrix, then det A is the product of the entries on the main
diagonal of A.
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EXAMPLE 1 Compute det A, where A=| -2 8 -9

SOLUTION The strategy is to reduce A to echelon form and then to use the fact that
the determinant of a triangular matrix 1s the product of the diagonal entries. The first two
row replacements in column 1 do not change the determinant:

R2=R2 +R1 R3=R3 +R1

1 -4 2 1 —4 2 1 -4 2
detd=|—-2 8 —9|=| 0 0 =5|=|0 0 =5
-1 7 0 -1 7 0 0 3 2

An interchange of rows 2 and 3 reverses the sign of the determinant, so

1 —4 2
detA=—-|0 3 2
0O 0 =5

= —()B)(=5) = 15 i



EXAMPLE 2 Compute det A, where A =

-8 6 8

9 5 10
¢ T =2

4 0 6|

SOLUTION To simplify the arithmetic, we want a 1 in the upper-left corner. We could
interchange rows 1 and 4. Instead, we factor out 2 from the top row, and then proceed

with row replacements in the first column:

1 4 3 4

3 -9 5 10
detA =2 EE 2

1 -4 0 6

1
0
0
0

—4 3 4
3 =4 =9
~12 10 10
0 -3 2

Next, we could factor out another 2 from row 3 or use the 3 in the second column as a
pivot. We choose the latter operation, adding 4 times row 2 to row 3:

1 —4 3
0 3 —4
detd =2, o _¢
0 0 -3
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Finally, adding —1/2 times row 3 to row 4, and computing the “triangular” determinant,

we find that

detA =2

=2(D)3)(=6)(1) = 36



Practice problem 1

* Compute the determinants using a cofactor expansion across the first
row. Then, re-compute the determinant by a cofactor expansion

down the second column.

a) 3 0 4 b) () 5 1
2 3 2 4 -3 0
0 5 -1 T

12



Practice problem 2

Compute the determinant by cofactor expansions. At each step, choose
a row or column that involves the least amount of computation.

D 160 0 5 b) 4 0 0 0
s, = 7 L 0 O
20 0 2 6 3 0
15 3 1 3 5 <% 4 =3

13



Practice problem 3

Let A @ matrix 2x2. Write 5A. Is det 5A =5 det A?



Practice problem 4

Find the determinant by row reduction to echelon form.
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