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Subspaces of ℝn





Example A line through the origin is another example of a subspace
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All three properties exist: 

• includes the zero vector (the origin) 

• closed under addition

• closed under scalar multiplication 





Example The set containing only the zero vector is a subspace  

All three properties exist: 

• includes the zero vector (the origin) 

• closed under addition

• closed under scalar multiplication 

Example ℝn is a subspace of itself



In other words
The column space is 
the same as the span
of the columns of the 
matrix

To determine if a vector 
b is in column space of 
matrix A,
Check if equation A x = b 
is consistent 



To find the basis of the null space of 
matrix A,
1. Solve the homogenous equation 

A x = 0 
2. Write the solution in parametric 

vector form
3. Take the vectors of x as the basis

The columns of the identity matrix {e1 , … , en} is 

called the standard basis for ℝn because they are 

linearly independent and span ℝn

To find the basis of the column space 
of matrix A,
1. Reduce to Reduced Echelon Form
2. Take the pivot columns from the 

original matrix (not from the 
reduced echelon form) as the 
basis

Two conditions must be satisfied in the set of vectors 
to be a basis of a subspace:
1. The vectors are linearly independent  
2. The vectors span the subspace.





Example

Find the reduced 
echelon form

(if required) Rewrite 
any nonpivot column 
as a linear 
combination of the 
pivot columns  

➔

➔

Warning:
Use the pivot columns of A (the 
original matrix) not B (the reduced 
echelon form) 

Therefore, the set {a1, a2, a5} is a basis for the column space of A (Col A) 







For the null space, the 
dimension is simply the 
number of free variables  
of the equation A x = 0 

In other words, 
the number of 
pivot columns 







To find the basis of a 
column space of matrix A :
1. Find the equivalent 

matrix in Echelon Form 
or Reduced Echelon 
Form

2. Take the pivot columns 
from the original 
matrix (not from the 
equivalent matrix)

To find the basis of the null 
space of matrix A,
1. Solve the homogenous 

equation A x = 0 
2. Write the solution in 

parametric vector form
3. Take the vectors as the 

basis

To find the dimension of 
the column space of 
matrix A:
Find the number of 
pivots

To find the rank of 
matrix A:
Find the number of 
pivots

To find the dimension of 
the null space of matrix A:
Find the number of free 
variables of the equation A 
x = 0 
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