The inverse of a Matrix
An n x n matrix A is said to be invertible if there is an n x n matrix C such that
CA=1 and AC =1
where /I = [,, the n x n identity matrix. In this case, C is an inverse of A.

A-cd =1 wnd Ad =7

EXAMPLE 1 fa—| 2 5 andCz[—7 ‘5],then
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Thus C = AL,



The inverse of a 2 x 2 Matrix

the determinant

e

]. If ad — be # 0, then A is invertible and

1 d —=b
._l_
- _ad—bc[-c a]

If ad — be = 0, then A is not invertible.

a b
a=[e !

EXAMPLE 2 Find the inverse of A — [2 g ]

SOLUTION Since det A = 3(6) — 4(5) = —2 # 0, A is invertible, and

A-‘—i[ 6 —4]_[ 6/(—2) —4/(—2)]_[—3 2 ]
— =8 3| | =E=2) =33 | |m =5



The inverse of a Matrix

If A is an invertible n x n matrix, then for each b in R”, the equation Ax = b has
the unique solution x = A~'b,

EXAMPLE 4 Use the inverse of the matrix A in Example 2 to solve the system
3x;+4x, =3
S5x1+6x =7

SOLUTION This system is equivalent to Ax = b, so
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Elementary Matrices

An elementary matrix is one that is obtained by performing a single elementary row op-
eration on an identity matrix. The next example illustrates the three kinds of elementary

matrices. The effect of multiplying
EXAMPLE 5 Let E,, E,, E; by A is equivalent
L D 0 0 1 0 1 0 0 to applying the following
Ety=| 0 1 0], E=|1 0 0 E=[0 1 0], operations on A. In fact,
& & i 0 0 1 0 0 5 we got E,, E,, E, by
a b C applying the same
A= | @ e f operations on /

Compute £, A, E£>A, and E;A, and describe how these products can be obtained by

elementary row operations on A.
R3=R3-4R1
SOLUTION Verify that

il b (8 b | e f
E:A = d e f . mb=|a B el Interchange R1 and R2
g—4a h—4b i—4c g h i
a b R3 = 5R3
EsA=|d e f|.



Elementary Matrices

Each elementary matrix £ is invertible. The inverse of E is the elementary matrix
of the same type that transforms E back into /.

R3 =R3 +4R1

E;

EXAMPLE 6 Find the inverse of E,

I

— 0

| -4

0
1

0

0
0
I

SOLUTION To transform E; into /, add +4 times row 1 to row 3. The elementary
matrix that does this is



ALGORITHM FOR FINDING A~!

Row reduce the augmented matrix [A [ ]. If A is row equivalent to /, then
[A [I]isrowequivalentto [/ A~']. Otherwise, A does not have an inverse.

8 1 2
EXAMPLE 7 Findtheinverseofthematrix A = [ 1 0 3 |, if it exists.
4 -3 8
SOLUTION
B 4 2 1 p 81 [T & 8 & [ @
[4 T]=|1 68 3 0 1 9|0 1 2 1 0 0
| 4 =3 8 0 0 l | ¥ =8 & 0 @ 1]
1. @ 3 @ 1 97 [T 0 %3 6 1 0
1l 1T 2 1 O @l=|0 1 2Z 1 B 0
L0 =3 ~4 Q=4 1 | P 2 F—4 1|
i 0 1 0
16 1 2 1 0 0
.o e 1 3/2 =2 1/2_
E 0 0 —9/2 7 -=3/27]
~10 1 0 =2 4 —1
0 0 1 3/2 =2 1/2
= / = check
Theorem 7 shows, since A ~ I, that A is invertible, and
¢ & 2fT-9@ & -4 1 0
- -9/2 7 =-3/2 T o | 0 3 -2 4 = o= | 0 1
A= =2 & =l 4 -2 8 3z <2 12 0 0

372 -2 1/2



Characterization of Invertible Matrices




EXAMPLE 1 Use the Invertible Matrix Theorem to decide if A4 is invertible:

1 0 =2
A=| 3 1 =2
-5 -1 9
SOLUTION R z), g 5
1 0 -2 1 0 -2
A~|0 1 4f~|0 1 4
01 -] |o o 3

So A has three pivot positions and hence is invertible, by the Invertible Matrix Theorem,
statement (c¢). B8



Invertible Linear Transformations

Multiplication

/ by A \
wulnplu 'mon/

by A !
FIGURE 2 A! transforms Ax back to x.

A linear transformation 7" : R”" — R” is said to be invertible if there exists a func-
tion § : R” — R" such that

S(T(x)) =x forall xinR" (1)
I'(S(x)) =x forall xinR”" (2)
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