CS 223: Computational Linear Algebra

Chapter 2
Matrix Algebra

Based on Dr. Yasser Mohammad Seddiq slides
Modified as needed
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The scalar entry in the i row and j column of A is denoted by a;; and is called the (i, j)-
entry of A

Each column is a vector in R™ , and there are n vectors is A.
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The diagonal entries: the entries a,;, a,,, 433, 444, as5 , ...and they form the main diagonal
of A.

diagonal matrix is a square n x n matrix whose nondiagonal entries are zero

A matrix whose entries are all zero is a zero matrix and is written as O



Sums and Scalar Multiples
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but A 4+ C is not defined because 4 and C have different sizes.
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Let A, B, and C be matrices of the same size, and let r and s be scalars.

a. A+ B=B+ A4 d. r(A+B)=rA+rB
b. (A+B)+C=A+(B+C) e. (r+s)A=rA+sA
c. A+0=A4 f. r(sA) = (rs)A



Matrix Multiplication
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The product BA is not defined because the 2 columns of B do not match the 3 rows
of A. 5]

ROW-COLUMN RULE FOR COMPUTING AB

If the product AB is defined, then the entry in row i and column j of AB is the
sum of the products of corresponding entries from row i of A and column j of
B.If (AB);; denotes the (i. j)-entry in AB, and if A is an m x n matrix, then

(AB);j = aibyj + aizbaj + -+ ainby;




Matrix Multiplication ‘ -
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Example
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To find the entry in row 1 and column 3 of AB
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For the entry in row 2 and column 2 of AB, use row 2 of 4 and column 2 of B:
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EXAMPLE 6 Find the entries in the second row of AB, where
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SOLUTION By the row—column rule, the entries of the second row of AB come from

row 2 of A (and

all

columns of B):

Which means the whole matrix B
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row; (AB) = row;(A) - B



AlsmXn

Bisnxp
Cispxk
Let A be an m x n matrix, and let B and C have sizes for which the indicated
: sums and products are defined.

Aismxn ‘
Bisn xp a. A(BC) = (AB)C (associative law of multiplication)

CH b. A(B+C)= AB + AC  (left distributive law)

L c. (B+C)A=BA+CA (right distributive law)

Aismxn
Bisp xm T/d. r(AB) = (rA)B = A(rB)
Cisp xm for any scalar r

Aismxn e g A=A =41 (1dentity for matrix multiplication)

Bisnxp
r is scalar No Commutative
ropert
AismXn AlsmXn PopErty
I,ismXxm I,isnxn AB # BA




Warnings:

1. In general, AB # BA.

2. The cancellation laws do not hold for matrix multiplication. That is, if
AB = AC, then it is not true in general that B = C.
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3. If a product AB is the zero matrix, you cannot conclude in general that either

A=0o0rB=0. ﬁ

-
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Example
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LetA=[_1 2:|.B=|:1 2].andC=[2 4].
AB=0
AC=0
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Powers of a Matrix

If A is an n x n matrix and if k is a positive integer, then A* denotes the product of k
copies of A4:

Ax=A... A
N, —
Must be a square A
matrix
AismXxn
The Transpose of a Matrix ,
AismXn
Given an m x n matrix A, the transpose of A is the n x m matrix, denoted by A7, whose | B is m X n
columns are formed from the corresponding rows of A.
P g \: (A7) = 4
EXAMPLE 8 Let Aismxn . (A+B)T = AT + BT

=& 9 \c. Forany scalar r, (rA)T=rAT
A=[i{ ;’] B=| 1 -3/, C=[_; ;_; ;] Aismxn Fd. (4B)" = BTAT
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r_|a c BY — -5 1 0 cT — 1 5 The transpose of a product of matrices equals the product of their transposes in the
ot B b d =3 o ke | = 1 =2 reverse order.
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EXAMPLE 10 The dates of ground crew accidents for January and February of 2020

are listed in the columns of matrix 7" for Toronto Pearson Airport and matrix C for
Chicago O’Hare Airport:
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. . 4 1 i i 83 3 8 4
ChicagorC=13 11 22 28 26 1 2 5 20 21]

. I . ;
matrix A = [ : 0] switches the x; and x> coordinates of any vector

AT = 1 1 1 | 1 1 L. % & @ 2 2 2 2 2
Tl B2 M 15 21 22 23 1 2 3 1 15 17 189 26



Applications
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1) Calculate A+B

2) Calculate C-D

3) Calculate A+C

4) Calculate A.B

5) Calculate 3A-5B

6) Calculate A3

7) Calculate B.CT

8) Calculate A(A + B) and A% + AB and compare the results
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