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Transformation is 

also known as 

function or 

mapping



Introduction to Linear Transformation 

This transformation is matrix-vector multiplication 

Vector in the 

Domain (input)
The image of x in 

the Codomain 

(output)

The standard matrix of linear transformation m × n

Codomain Domain

Range of T : The set of all 

images in the Codomain

T ( x ) is the images of x







check



Solution

check Therefore, the vector whose 

image is b is the vector  





We need to find whether                 has a unique solution    

We have already done that in part (b) above

either from the echelon form: 

no false condition and no free variable.

Therefore, it has a unique solution.

OR from the final solution   

So, there is exactly one x whose image is b







Example: shear transformation



Linear Transformations
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Superposition 

• Transformation of a linear combination of inputs is equal to the linear 

transformation of the of individual inputs 
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T

T

T

input 1

input 2

input 3

+

input 1

input 2

input 3

+ T

T1 = T(input_1)

T2 = T(input_2) 

T3 = T(input_3) 

Output = T1 + T2 + T3

Input = input_1 + input_2 + input_3

T = T(input)

Three function calls

Only one function call

Why Linear Transformation is useful?
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mult by 

a 

input

T

T

T

mult by 

b 

mult by 

c 

mult by 

a 

T mult by 

b 

mult by 

c 

input

input_1 = a * input

input_2 = b * input

input_3 = c * input

T1 = T(input_1)

T2 = T(input_2) 

T3 = T(input_3) 

Transform = T(input)

output_1 = a * input

output_2 = b * input

output_3 = c * input

Three function calls

Only one function call

Why Linear Transformation is useful?



We need to check the condition : 

scalar scalar scalar scalar

Another solution:

This transformation is the 

scalar-vector multiplication, 

which has the following two 

properties (see this slide):

c(u+v) = cu+cv

c(dv) = (cd)v

Therefore, the condition 

is satisfied . 

Therefore, T is a linear 

transformation 





In this example, the 

angle is 90 degrees 



The Matrix of a Linear Transformation
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The Matrix of a Linear Transformation
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1. Get the description of the transformation that you need to find the matrix for. That 

description could be in many possible ways: geometrically, formula, in words … etc.

2. Determine the domain. If the domain is ℝn , we use the identity matrix I
n

e.g: if the domain is ℝ4 , we use I4 which is this

3. Apply the transformation (as described in Step 1) on each column of the identity matrix I
n

4. The result of transforming one column in I
n

is considered a column in the matrix A

Steps to determine the standard matrix of linear transformation A





1. This transformation multiplies each vector input by 3

2. Since the domain is ℝ2 (given), we use the identity matrix I2 which is 

3. Apply the transformation on each  columns of I2 , lets call them

we get these results: 

4. Each result is a column in the matrix A:

the standard matrix of linear transformation 



1. This transformation rotates a vector input 

counterclockwise. The rotation angle is any given angle φ

2. Since the domain is ℝ2 (given), we use the identity matrix 

I2 which is 

3. Apply the transformation on each  columns of I2 ,  

We get the results: 

4. Each result is a column in the matrix A:

1

1

–

This is the standard 

transformation matrix of 

counterclockwise rotation in ℝ2



Geometric Linear Transformations of ℝ2
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Important note:

See a list of 

geometric linear 

transformations 

given in the handout 



Existence and Uniqueness Questions
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The question "Does transformation T map ℝn onto ℝm ?"

is an existence question ➔ we check existence

The question “Is transformation T one-to-one?"

is a uniqueness question ➔ we check uniqueness 



Augmented 

matrix

b1

b
2

b
3



We check if the system Ax = b is always consistent:

We need to convert A into echelon form: It is already in echelon form

Is the contradictory row possible? No because A has a pivot in every row ➔ the system is consistent. 

Therefore, the transformation T maps  ℝ4 onto ℝ3

Augmented 

matrix

b1

b
2

b
3

We check if the system Ax = b has unique solution:

We need to convert A into echelon form: It is already in echelon form

Is the contradictory row possible? No, because A has a pivot in every row ➔ the system is consistent 

Are there free variables? Yes, one free variable ➔ the system has infinitely many solutions  

Therefore, the transformation T is not one-to-one



Existence and Uniqueness Questions



We don’t have the standard matrix A yet. So, we find A first 
Consult the following slides



We don’t have the standard matrix A yet. So, we find A first 

1. This transformation description: 

2. Since the domain is ℝ2 (given), we use the identity matrix I2

3. Apply the transformation on each  columns of I2 ,  

We get the results: 

4. Each result is a column in the matrix A: A =

Q1: Is T one-to-one? 

Since the columns of A are not multiple of each other, then they are linearly 

independent ➔ T is one-to-one

Q2: Does T map ℝ2 onto ℝ3 ?

Echelon form: Interchange R1 and R3 → R2=R2-5R1 → R3=R3-3R1 → R3=R3-R2

We don’t have pivots in every row, then the contradictory condition is possible, then the columns 

of A do not span ℝ3 (Ax=b is not consistent for all values of b), then T does not map ℝ2 onto ℝ3

1     3
0    -8
0     0

Consult the following slides








