Introduction to Linear Transformation
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Introduction to Linear Transformation
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EXAMPLE 1 Let 4 =

Xy =A<

1
3

=

]

5
7

|

o=

define a transformation 7 : R? — R?3 by T(x) = Ax, so that
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a. Find 7 (u), the image of u under the transformation 7.
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EXAMPLE 1 Let 4 =
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define a transformation 7" : TREZ — R? by T'(x) = Ax, so that
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b. Find an x in R* whose image under T is b.

Solve T(x) = b for x. That is, solve AXx = b, or
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b. Find an x in R* whose image under T is b.

Solve T(x) = b for x. That is, solve AXx = b, or
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image 1s b 1s the vector x = _Ig
J




c. Is there more than one x whose tmage under 7" i1s b?

Ax=Dhb



c. Is there more than one x whose 1mage under 7 1s b?

We need to find whether Ax = b has a unique solution

We have already done that in part (b) above

either from the echelon form: EE D
no false condition and no free variable. |V 1 —>
Therefore, 1t has a unique solution. A
OR from the final solution . [ ';]

So, there 1s exactly one x whose 1mage 1s b



d. Determine if ¢ is in the range of the transformation 7.
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d. Determine if ¢ is in the range of the transformation 7. ¢ =
asking 1if the system Ax = ¢ 1s consistent.
1 3 3 -3 3 (1 =3 & 1 -3 3
S B 2 14 —7 0 1 2 g 1 2
I - 4 8 B - S O Q=35 |
The third equation, 0 = —35, shows that the system 1s inconsistent. So ¢ 1s not 1n the

range of T'.
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Example: shear transformation

T :R? = B2, TEx) = A%




Linear Transformations

A transformation (or mapping) 7 is linear if

(1) T(wu+v) =T(u)+ T(v) forallu,vinthe domainof T';
(ii) T(cu) = c¢T'(u) for all scalars ¢ and all u in the domain of 7.

If 7" is a linear transformation, then
7(0) =0

and
T(cu+dv)=cT()+dT(v)

for all vectors u, v in the domain of T and all scalars ¢. d.
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Superposition

* Transformation of a linear combination of inputs is equal to the linear
transformation of the of individual inputs

T{eyvi+ -+ ep¥y) = a1T(vi) + -+ ¢, T(v,)



Why Linear Transformation is useful?

_ input 1
input 1

input 2

input 2

_ input 3
input.3

Input = input 1 + input 2 + input 3

= T s
Tl = T(input 1 * (1nput)

)
T2 = T(input 2)
T3 = T (input 3)

Output = T1 + T2 + T3

Only one function call

Three function calls



Why Linear Transformation is useful?

b
| M

Transform
output 1 =
output 2 =
output 3 =

= T (input)
a * 1lnput
b * input
Cc * 1nput

Three function calls

Only one function call



EXAMPLE 4 Given a scalar r, define 7 : R? - R? by T(x) = rx. T is called a

contraction when 0 < r < 1 and a dilation when r > 1. Let r = 3. and show that 7 is
a linear transformation.

& .T(u) *
ue | o i Another solution:
><" # Gl This transformation is the
ol scalar-vector multiplication,
: which has the following two

We need to check the condition : T(cu + dv) = ¢T(u) + dT(v) | Properties (see this slide):

T(x) - c(u+v) = cu+cv
X
— A c(dv) = (cd)v
T((;U + dv) = 3((‘“ + (1\’) [)L‘Iil]lll()ﬂ ()" 'I‘ T I RS O TR Thc\t‘ccwl\l'\;h:sccnlmjsarcalld
3 & 31 scalar (x) scalar T(X) scalar T{X) scalar T{X) Fu?uu.._v_w..,p:.znundullwulum.mdd; iZ::inlusnf:d:y:)nmmomn
— (.u (V F ﬁ * A (Hut+v=v+u ) ¢ +cv
Vector arithmetic AT e A A~
= ¢(3u) + d(3v) ¢ (ll} — [3]]} dT(v) _ d(3v)

=cT(u)+dT(v)

= 3cu =| 3dv
/ Therefore, the condition
T(cu+dv)=cT()+dT(v)
T(cu+dv) =cT(a) +dT(v) is satisfied .

Therefore, T is a linear

Thus 7 is a linear transformation transformation




EXAMPLE 5 Define a linear transformation T : B* — R* by
o =1 ][ =] [ —x
reo=[7 %)= ]

Find the images under T of u = [T:|,v= i],aﬂdu+v= [f;:|




EXAMPLE 5 Define a linear transformation 7" : R* — R? by T(u + v)

ek [ e T T
o[t 221 [2] s

X2 X1

4 2 6 e T
Find the images under 7 of u = []],vz 3].andu—|—v: [4] il .
SOLUTION

CE N HE SRS ] HE
resn=[7 ]3]

[cos@ —sin@}

sinf@ cosf

In this example, the
T rotates u, v, and u + v counterclockwise about the origin through 90°, angle is 90 degrees



The Matrix of a Linear Transformation

Let T : R" — R" be a linear transformation. Then there exists a unique matrix 4
such that

T(x) = Ax forall x in R"

In fact, A is the m X n matrix whose jth column is the vector 7'(e; ), where e; is
the jth column of the identity matrix in R":

A= [ T(el) PN T(en) ] (3)
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The Matrix of a Linear Transformation

Steps to determine the standard matrix of linear transformation 4

-
1. Get the description of the transformation that you need to find the matrix for. That

kdescription could be 1n many possible ways: geometrically, formula, in words ... etc.

-
2. Determine the domain. If the domain is R” , we use the identity matrix 7,

e.g: if the domain is R* , we use 1, which is this >

o= o O
= o o O
L 1

I 1
o o O =
o o = O

7

3. Apply the transformation (as described in Step 1) on each column of the identity matrix I,

4. The result of transforming one column in 7, is considered a column in the matrix 4

A
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EXAMPLE 2 Find the standard matrix A for the dilation transformation 7'(x) = 3x,
for x in R?.



EXAMPLE 2 Find the standard matrix A for the dilation transformation 7'(x) = 3x,
for x in R?.

1. This transformation multiplies each vector input by 3

2. Since the domain is R? (given), we use the identity matrix /, which is

3. Apply the transformation on each columns of /, , lets call them €1 =

we get these results:  T'(e;) = 3e; = [8] and T(e)) = 3e, = [2]
L )
1 i
4. Each result is a column in the matrix 4: 4 — [8 2]

the standard matrix of linear transformation



EXAMPLE 3 Let 7 : R?> — R? be the transformation that rotates each point in R?
about the origin through an angle ¢, with counterclockwise rotation for a positive angle. :
= o]

Find the standard matrix A4 of this transformation.

1. This transformation rotates a vector input
counterclockwise. The rotation angle 1s any given angle @

2. Since the domain is R? (given), we use the identity matrix
]2 which 1s 1 0

3. Apply the transformation on each columns of /7, i [0]

We get the results: COS ¢ —sing
I'(e1) = I::ainfp i| I'(e;) = [ C’”“'P] g

Adjacent

4. Each result 1s a column 1in the matrix 4:

[ cosg —sing ] This 1s the standard i

—
£ e 1

transformation matrix of Tpe B

Adacent

. Sine @ =
S10 COS
‘:‘:' {F'I . - . 9 CﬂsinE.ﬁ=w
counterclockwise rotation in R 1
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Geometric Linear Transformations of IR?

The unit square.

Transformation  Image of the Unit Square

Reflection through
the x -axis

Reflection through
the x,-axis

Reflection through
the line x; = —x,

f_“ﬁ
—_—

Standard Matrix

v -1

Important note:
See a list of
geometric linear
transformations
given in the handout



Existence and Unigueness Questions

A mapping 7' : R" — R"™ is said to be onto R™ if each b in R™ is the image of at
least one x in R".

T is onto R" when the range of 7 1s all of the codomain R™

The question "Does transformation 7 map R” onto R™ 2"
is an existence question =» we check existence

Tis not onto ™
A mapping T : R" — R" is said to be one-to-one if each b in R” is the image of
at most one X in R".

T" is one-to-one if, foreach b in R™, the equation 7'(x) = b has eithera unique solution or none at all.

Domain

The question “Is transformation 7 one-to-one?"

T is onto R™

is a uniqueness question = we check uniqueness

50

T is not one-to-one

T is one-to-one



EXAMPLE 4 Let T be the linear transformation whose standard matrix is

1 -4 8 1
A=10 2 =1 3 Augmented
00 O 0 5 matrix

Does T map R* onto R*?

"Is T" a one-to-one mapping?



EXAMPLE 4 Let T be the linear transformation whose standard matrix is

1 -4 8 1 5
A=10 2=k 3 Augmented l -4 8 15
0 0 0 5 matrix =& 24 B 5

b @ @ 3§ p,

Does T map R* onto R*?

We check if the system Ax = b 1s always consistent:
We need to convert 4 into echelon form: It 1s already in echelon form
Is the contradictory row possible? No because 4 has a pivot in every row =» the system is consistent.

Therefore, the transformation 7 maps R* onto R3

'"Is T" a one-to-one mapping?

We check if the system Ax = b has unique solution:
We need to convert 4 into echelon form: It 1s already in echelon form
Is the contradictory row possible? No, because A4 has a pivot in every row =» the system is consistent
Are there free variables? Yes, one free variable =2 the system has infinitely many solutions
Therefore, the transformation T is not one-to-one



Existence and Unigueness Questions

Let T : R” — R™ be a linear transformation. Then 7 is one-to-one if and only if
the equation 7'(x) = 0 has only the trivial solution.

Let T ;: R" — R™ be a linear transformation, and let A be the standard matrix for
T. Then:

a. T maps R" onto R™ if and only if the columns of A span R",;
b. T is one-to-one if and only if the columns of A are linearly independent.



EXAMPLE 5 Let T(x;.x2) = (3x; + x2, 5x1 + 7x2, x; + 3x3). Show that T is a

one-to-one linear transformation. Does 7" map R? onto R?

We don’t have the standard matrix A yet. So, we find A first

Consult the following slides

The Matrix of a Linear Transformation

ation A

1. Get the deseription of the iransformation that you need 1o find the matrix for. That
description could be in many possible ways: geometrically, formula, in words ... etc.

IR
2. Determine the domain, If the domain is B?, we use the identity matrix J, n1on
e.g: if the domain is B, we use 4, which is this Flx

[3. Apply the transformation (as described in Step 1) on cach column of the identity matrix [, ]

[4. The result of transforming one column in 7, is considered a column in the matrix 4

Vector

A set of two vectors {v. v3} is linearly dependent if at least one of the vectons is
a multiple of the other, The set is linearly independent if and only if neither of the
vectors is o multiple of the other.

A Set of Two
Vectors

ors 15 linearly dependent if any of these cases is true

1f the set contains.
more vectors than  If the set contains
A Set of Two or there are entries in the zero vector.

More Vectors

A y




EXAMPLE 5 Let T(xy.x2) = 3x; + x2, 5x1 + 7x2, X1 + 3x3). Show that T is a
one-to-one linear transformation. Does 7" map R? onto R*?

We don’t have the standard matrix A yet. So, we find A first
Consult the following slides

1. This transformation description: : T'(x;.x3) = (3x; + X2, 5x; + 7x2, X1 + 3x3)

l 0 The Matrix of a Linear Transformation
2. Since the domain is R? (given), we use the identity matrix 7, - ——
3. Apply the transformation on each columns of /7, , i oy sl vy, ey, . v " ‘
We get the results: 3 | [-. f-.Z??r'-rf;J&Zm{;?:!:n-n.[lfcf?l}. »\h"h 1h m—-‘ ill: ]
T (EI } — 5 T (EE} e ? [3. Apply the transformation (as described in Step 1) on each col of the identity matrix £, ]
I_ 3 [4. The result of transforming one column in £, is considered a column in the matriz A }
- 7] Vector
4. Each result is a column in the matrix 4: A=1|5 7 y
1 3 o N"‘""E;F.?Zuﬁ -;'f e oot 1 et oy s o

Vectors

Acset of two or more vectors is linearly dependent if any of these cases i true
Ifand only if atleast one  1f the set contain:

Q1:Is T one-to-one?

A Set of Two or g:’ﬁﬁmﬁeﬁ $:::::(e‘:xsn:|sa:1 géh;‘fﬁ‘i:?s
Since the columns of A are not multiple of each other, then they are linearly Y .y T 2

independent =» T is one-to-one

Q2: Does T map R? onto R3 ? 1 3
Echelon form: Interchange R1 and R3 © R2=R2-5R1 = R3=R3-3R1 & R3=R3-R2 —> 4= 0
We don’t have pivots in every row, then the contradictory condition is possible, then the columns
of A do not span R3 (4Ax=Db is not consistent for all values of b), then T does not map R? onto R3




Linear Models in Business, Science, and Engineering

Constructing a Nutritious Weight-Loss Diet

TABLE | The Cambridge Diet
Amounts (g) Supplied per 100 g of Ingredient

Amounts (g) Supplied by
Nutrient Nonfat milk Soy flour Whey Cambridge Diet in One Day
Protein 36 31 13 33
Carbohydrate 52 34 74 45
Fat 0 7 1.1 3

EXAMPLE 1 If possible, find some combination of nonfat milk, soy flour, and whey

to provide the exact amounts of protein, carbohydrate, and fat supplied by the diet in one
day (Table 1).

SOLUTION
Row reduction of the augmented matrix for the corresponding system of equations shows
that

36 51 13 33 1 0 0 277

52 34 74 45| ~---~ [0 1 0 .392

0 7 1 3 0 o 1 .233

To three significant digits, the diet requires .277 units of nonfat milk, .392 units of

soy flour, and .233 units of whey in order to provide the desired amounts of protein,
carbohydrate, and fat. [



Difference Equations

If there 1s a matrix A such that x; = Axq, x2 = AX;, and, in general,

Xi+1 = Axk fork = 0, P

is called a linear difference equation (or recurrence relation).



EXAMPLE 3 Compute the population of the region just described for the years 2021
and 2022, given that the population in 2020 was 600,000 in the city and 400,000 in the

suburbs. .

SOLUTION The initial population in 2020 is Xg = [gggggg] For 2021,
o _[95 037[600.0007 _ [ 582,000 From:
"7 [.05 .97 [| 400,000 | T | 418.000 City Suburbs  To:
For 2022, _ [.95 03 City
o [.95 .037[582.0007 _ [565.440 05 97 Qishiiiki
== [.05 .97][418,000_ = [434.560] -




