Vector Equations

* A vector means an ordered list of numbers. (More details about the
term vector will be discussed in Chapter 4).

* A matrix with only one column is called a column vector or simply a

vector
Examples of vectors with : . 2 o S|
two entries ; W s

The set of all vectors with two entries is R?
R: real numbers 2: two entries



Vector Equations

Vector entries are ordered: [iﬂ and [1] are NOT equal

Given two vectors v and u in R?:
Addition: v +u = [_é] + E} 3 [_éii] = [2]

Scaler multiple by real number ¢ (scalar) : the vector cu
o &
it u=

—1} and ¢ = 5. then ruzi{_f]:[

15
—3

|



Example

Given u = [ 21’} and v = [ ﬂ,find 4u, (-3)v,and 4du + (—3)v.
SOLUTION
4 —6
4u = ,  (—3)v=
—8 15
and



Geometric Descriptions of R?

* Consider a rectangular coordinate system 1n the plane.

a
geometric point (¢.5) = column vector {b]

,\'2 “,2

*(2,2) °(2,2)
_\'l -\.l

3 -y ° .“‘
(_2._l’ (3.—1) (_2._1) (3. _I)

FIGURE 1 Vectors as points. FIGURE 2 Vectors with arrows.



Geometric Descriptions of R?

Parallelogram Rule for Addition

If u and v in R? are represented as points in the plane, then u + v corresponds to
the fourth vertex of the parallelogram whose other vertices are u, 0, and v. See

Figure 3.
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FIGURE 3 The parallelogram rule.



Example

The vectors u = [;]v = [_?],andu%- = [

ol

o -1

—4

3

] are displayed



Example 3

—1

6 5 _2 _%u' On
Iy — B s
2u [_z]jnd U [2;;3}

Typical multiples of n The set of all multiples of n

Letua = [ } Display the vectors u, 2u, and —%u on a graph.

the length of the arrow for cu 1s | ¢ | * the length of the arrow for u

a
The length of the arrow for u with entries { b ] is calculate vV a? + b? :

which

is the length of the line segment between the points (0, 0) and (a, b)



Vectors in R3

* 3X1] colomn matrices with three entries
* Represnted geomtrocally in the three-dimensional coordinate space

The vectors a = | 3 | and 2a are displayed
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Vectors in R”

e 15 %1 colomn matrices with n entries

1
i

| Uy

* [R"1s the collection of all ordered n-tuples



The vector whose entries are all
Algebraic Properties of R" zero is called the zero vector and

For all u.v. w in R” and all scalars ¢ and d: |1S denoted by 0

(J)u+v=v+u (v) clu+v) =cu+cyv
(i) (u+v)+w=u+ (v+w) (vi) (¢ +d)u =cu+ du
() u+0=04+u=nu (vil) ¢(du) = (cd)u
(iv) u+(—a)=—-u+u=20, (vii1) lu=u X,

where —u denotes (—1)u

oV

vector such as u + (—1)v is often written as u — v.

10 u-—v




Linear Combinations

Given vectors Vi, Vg, ..., V,in R" and given scalars c1, c2, ..., ¢cp, the

vector y defined by
Any real
number
y=cC1Vi+ -1 CpVp including zero

is called a linear combination of vy, ..., v, with weightscy, ..., ¢p.

some linear combinations of vectors vy and v, are

«/§v| + v, %vl (= %v, + 0Ovy), and 0 (= Ovy + Ovy)

11




EXAMPLE 4 Figure 8 identifies selected linear combinations of v; = [-: ] and

V2 = :])' . (Note that sets of parallel grid lines are drawn through integer multiples
of v| and v,.) Estimate the linear combinations of v and v, that generate the vectors u

and w.
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Linear Combinations

A vector equation
.X]a] + JC232 + SUNED + .’C,;a,, — b

has the same solution set as the linear system whose augmented matrix 1s

la, a -+ a, b] (5)

if there exists a solution to the linear system corresponding to the matrix (5).

In particular, b can be generated by a linear combination of ay,.. ., a, if and only

13



Example

Leta, =

.and b = 4

Determine whether b can be generated as a linear combination of a, and a,.

->

augmented matrix

[a; a; b]

Since the system has a solution,

Solution: If b is a linear combination of a, and a, , then
X141 + x4, = b
1 2 7 I 2 7 1 2 7 L0
=2 5 4|lms|l0 7 i8|ls|lo I 2|x|0 1
=5 5 3 0 16 32 0 16 32 0 0

R2=R2+2R1
R3=R3+5R1

R2=1/9 R2

Solution: x; =3 and x; =2

14

R3=R3 - 16R2
RI=R1—-2R2

then b can be generated as a linear
combination of a, and a, , and the
combination is:

3a,+2a,=b




Definition

If vy, ..., Vparein R", then the set of all linear combinations of
Vi, ..., Vpisdenoted by Span {vi, ..., Vp} and is called the
subset of R" spanned (or generated) by vy, ..., v,. Thatis, Span

{Vl, cees Vp} is the collection of all vectors that can be written in the

form

C1V1+C2Va + -+ + CpVy

with ¢, ..., ¢, scalars.

Note that Span {Vl, ceey Vp} contains every scalar multiple of vy (for
example), since cvy = cvy + Ove + --- + 0v,. In particular, the zero

15 vector must be in Span {Vl, ey Vp}.




The following questions are equivalent:
* Isvector b in Span{v,, ... ,Vp}?
* Is there a solution for the equation  X1Vy + XaVa + -+ + Xx,v, = b

* |s there a solution for the augmented matrix vy ¥p b J

* And some other questions explained next ........



A Geometric Description of Span{v} and Span{u, v}

Let v be a nonzero vector in B~

Then Span{v} 1s the set of all vectors
that can be written as ¢ v (1.e., the line
passing through v and 0)

all scalar
multiples of v
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If w and v are nonzero vectors in RB?
with v not a multiple of u.

Then Span{u, v} 1s the set of all
vectors that can be written as cju + ¢c,v
(1.e., the plane containing u, v, and 0)

..\'7‘ !

Span{u, v}




1 -3
EXAMPLE 6 Llet a, =| -2 |, 8 Then
3 |
Span {aj,a}isa plane through the origin in R? . Thisisalso another question that
~is equivalent to the following
SOLUTION Does the equation x;a; + x;a; = b have a solution? To answer this, row questions:
reduce the augmented matrix [a; a, b]:
* Isvectorbin Span{yv,, ..., vp}?
| s <=3 1 5 —3 | 5 —3 | ¢ Isthereasolutionfor the equation X1Vy + XaVa+ -+ +Xx,v, =b
—=2: =13 8 o 0 -3 2 o 0 -3 2 « Is there a solution for the augmented matrix [V -*- Vp b|
3 -3 1 0 —18 10 0O 0 -2
The third equation is 0 = —2, which shows that the system has no solution. The vector
equation x;a; + x»>a, = b has no solution, and so b is not in Span {a,, a,}. &
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Linear Combinations in Applications

19

EXAMPLE 7 A company manufactures two products. For $1.00 worth of product B,
the company spends $.45 on materials, $.25 on labor, and $.15 on overhead. For $1.00
worth of product C, the company spends $.40 on materials, $.30 on labor, and $.15 on

overhead. Let

(457 .40 ]
b= .25 and ¢= | .30
| g8 | 315 |

Then b and ¢ represent the *“costs per dollar of income™ for the two products.

a. What economic interpretation can be given to the vector 100b?

45 45
100b =100 .25 | = | 25
13 15

The vector 100b lists the various costs for producing $100 worth of product
B—namely $45 for materials, $25 for labor, and $15 for overhead.



Linear Combinations in Applications

b. Suppose the company wishes to manutacture x; dollars worth of product B and x;

dollars worth of product C. Give a vector that describes the various costs the company
will have (for materials, labor, and overhead).

The costs of manufacturing x, dollars worth of B are given by the vector x;b. and
the costs of manufacturing x, dollars worth of C are given by x;c. Hence the total
costs for both products are given by the vector x;b 4 x»c. i

20



The Matrix Equation Ax=b

If Aisanm X n matrix, with columnsa,, ..., a,,andif xisin R”, then the product
of A and x, denoted by Ax, is the linear combination of the columns of A using

the corresponding entries in x as weights; that is,

Ax=[ar a - a || ! [ =xa + X8+ + X3,

Note that Ax is defined only if the number of columns of A equals the number of entries
In X.

21



EXAMPLE 1
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Now, you know different ways to express a linear system

~ system of linear equations
X1+ 2x — x3y=4

A1X1 + @y + -+ + ApXy = b e.g., —5x3 + 3x3 =1
"
” Vector equation
] 2 —1 4
oo, i 2ol 2[5
X181 + X283 + +++ T+ Xpa, = b B Tl[ﬂ] 2| -5 "l 3 I
"
” matrix equation .
1]
P R
Ax = b e8|y 5 3 " = (1]

\_




If A is an m x n matrix, with columns a;,....a,. and if b is in R”, the matrix
equation
Ax = Db (4)

has the same solution set as the vector equation
X1a; + X223 ++-+ + X8, = b (3)

which, in turn, has the same solution set as the system of linear equations whose
augmented matrix is
[al A -t Ay b] (6)

The equation Ax = b has a solution if and only if b is a linear combination of the
columns of A.



1 3 4 b
EXAMPLE 3 letA=| -4 2 —6
-3 -2 -7 b

consistent for all possible by. by, b3?

SOLUTION Row reduce the augmented matrix for Ax = b:

1 3 4 e & 4 b
—4 2 —6 by|~|0 14 10 b+ 4b
-3 =2 =7 b; |0 7 5 b3+3b
- by
~ 10 14 10 by + 4b,
0 0 0 b3+3b —3(by+4b)

The third entry in column 4 equals b, — %bz + b3. The equation Ax = b is not consistent
for every b because some choices of b can make b; — 15, + b3 nonzero. o

and b = | b, |. Is the equation Ax = b

| 3 4 b,
0 14 10 b, + 4b,
0 0 0 b3s+3b—3(by+4b)
\ . _J
'l
Coefficient Matrix
\— _J

V
Augmented Matrix

Not all the rows of the coefficient matrix have
pivots (in this case the last row has no pivot in
it). Therefore, there is a possibility to see the
following row (false condition) in augmented

matrix:

[0 0O 0 m] where mis nonzero
Which implies that the system is inconsistent.

In contrast, if we have a pivot in ALL rows of
the coefficient matrix , then the system is
consistent because it is impossible to see the
false condition row in the augmented matrix.




	Slide 1: Vector Equations
	Slide 2: Vector Equations
	Slide 3: Example
	Slide 4: Geometric Descriptions of ℝ2
	Slide 5: Geometric Descriptions of ℝ2
	Slide 6: Example 
	Slide 7: Example 
	Slide 8: Vectors in ℝ3
	Slide 9: Vectors in ℝn
	Slide 10
	Slide 11: Linear Combinations
	Slide 12
	Slide 13: Linear Combinations 
	Slide 14: Example
	Slide 15
	Slide 16
	Slide 17: A Geometric Description of Span{v} and Span{u, v}
	Slide 18
	Slide 19: Linear Combinations in Applications
	Slide 20: Linear Combinations in Applications
	Slide 21: The Matrix Equation Ax=b
	Slide 22
	Slide 23
	Slide 24
	Slide 25

