
Zero Column

A column with all

entries equal to zero  

Zero Row

A row with all

entries equal to zero  

Nonzero Column

A column with at 

least one entry not 

equal to zero  

Nonzero Row

A row with at least 

one entry not equal 

to zero  

Row Reduction and Echelon Forms

Definitions

Leading Entry of a 

row is the leftmost 

nonzero entry

0 0 0 2 0 0 1 3
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Row Reduction and Echelon Forms

Each matrix is row equivalent to one 

and only one reduced echelon 

matrix.
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A nonzero matrix can have more than one

equivalent matrices in Echelon Forms

A nonzero matrix can have only one equivalent 

matrix in Reduced Echelon Forms

A nonzero matrix can have more than one

equivalent matrices in Echelon Forms

A nonzero matrix can have only one equivalent 

matrix in Reduced Echelon Forms

Echelon Form is 

not unique

Reduced Echelon 

Form is unique

Echelon Form Reduced Echelon Form

3



pivots

…
…

… … … …pivot Pivot 

column
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Algorithms to produces a matrix in Echelon Form
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Example
Row reduce the matrix A below to echelon form, and locate the pivot columns in A.

interchange 

R1 and R4

R2=R1+R2

R3=R3+2R1

R3=R3 – 5/2R2

R4=R4+3/2R2

interchange 

R1 and R4

Pivot columns: C1, C2 and C4

Pivots: 1, 2, –5 

interchange 

R3 and R4

Create 0s here Create 0s here
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Algorithms to produce a matrix in Reduced Echelon Form

Same steps 

of echelon 

form

+
One more 

step

Forward 

Phase

Backward 

Phase
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Example
Apply elementary row operations to transform 

the following matrix first into echelon form 

and then into reduced echelon form:

interchange 

R1 and R3 R2=R2 – R1

R3 =

R3 – 3/2 R2 We’ve reached 

Echelon Form

R1=R1 – 6R3

R2=R2 – 2R3

We need to 

create 0s 

above each 

pivot
pivots

Create 0s here

R2=1/2 R2

✅
Create 0s 

here R1 = 

R1 + 9R2

R1=1/3 R1
We’ve reached 

Reduced Echelon 

Form

✅ ✅
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Solutions of Linear Systems

Pivot 

column

Pivot 

column

x1 x2 x3

Not a Pivot 

column

Basic 

variables

Free 

variable

Solution:

Each different choice 

of x3 determines a 

(different) solution of 

the system, and every 

solution of the system 

is determined by a 

choice of x3.

parametric 

representation9



Example 
Find the general solution of the linear system whose augmented matrix has been reduced to

R1=R1 + 2R3

R2=R2 + R3 R2=1/2 R2

✅ ✅

R1= R1 – 2R2

✅

Already in 

echelon form

We should 

reduce to 

reduced echelon 

form

The pivot columns are C1, C3, C5

Therefore, the basic variables are 

x1, x3, x5

The free variables are x2, x4

Solution: parametric 

representation
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Whenever a system is 

inconsistent, the 

solution set is empty, 

even when the system

has free variables. In 

this case, the solution set 

has no parametric 

representation.

Parametric representation

We use parametric 

representation with 

consistent systems that 

have infinitely many 

solutions 
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Note
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Example Determine the existence and uniqueness of 

the solutions to the system

As we determined in a 

previous example above, 

the echelon form is

Is there any false statement (0 = b, with b nonzero)? No  ➔ The system is consistent

Are there free variables? Yes  ➔ the system has infinitely many solutions (solution is not 

unique)
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Exercise     Find the solution of the following system

the echelon 

form

The pivot columns are :   

The basic variables are:

The free variables are: Solution:

Check:

the reduced  

echelon form?
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Exercise     Find the solution of the following system

the echelon 

form

The pivot columns are :   

The basic variables are:

The free variables are: Solution:

Check:

the reduced  

echelon form
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1      -2      1        2

0       1      1        3

0       0      0        0



Exercise     Find the solution of the following systems
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Exercise     Find the solution of the following system
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Exercise     Find the solution of the following system
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𝑥 + 2 ݕ − ݖ = 32𝑥 − ݕ + ݖ3 = 53𝑥 + ݕ6 − ݖ3 = 10


