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Chapter 6: Orthogonality and Least squares

Question 1: (Inner product, length and orthgogonality)

Compute the quantities in Exercises 1-8 using the vectors

u= -1 V= 4 W = —:: X= —g
= 7 | =16l = . . =

3
v-u X-w
1. u-u, v-u, and 2. wew x-w, and —
u-u Wew
1 |
3., —w 4, —u
WeWw um-u
u-v X-W
5. (:)‘F 6. (H)I
7. wll 8. [fx|]
In Exercises 9—12, find a unit vector in the direction of the given
vector.
- - M —6]
=30
9. 10. A
| 40 ] =3
[ 7/47] ~ -
1. | 1/2 12, 8/3
| | 2 |

13. Find the distance between x = [ _ll'l andy = [_l :|
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0 —4
14. Find the distance betweenu= | —5 |andz= | —1
2 8

Determine which pairs of vectors in Exercises 15-18 are orthog-

onal.
127 27
15, a = [_g}b=[:§] 6. u=| 3|, v=|-3
3 —4 37 1]
2 1 7 -8
17. n = _s V= 5 18. vy = 4 LE= 15
0 6 0 ] ~7

Question 2: (Orthogonal sets)

In Exercises 1-6, determine which sets of vectors are orthogonal.

—1 5 3 1 0 -5
1. 41.121.1 -4 2. | =2 1 -2
3 1 -7 1 2 1

2 —6 3 271 o 4

3. =7 |.] =3 |. 1 4. | =5 .10 |.] =2
—1 9 —1 -3] Lo 6

3 —1 3 57 -4 3

-2 3 8 —4 1 3

5. 1 -3 7 6. 01"l =3|"| 5
3 4 0 3 8 ~1

In Exercises 7-10, show that {u;,u:} or {u;, us, us} is an orthog-
onal basis for R? or R¥, respectively. Then express x as a linear
combination of the n's.

e[
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bow = [1] = [ 2 amin=[ ]

1
9‘.11|= 0 N
|1
3
3
0

- 1_
10. m = — S = Sy = |
—_ - 4_
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11. Compute the orthogonal projection of [1] onto the line

7

through |: -4

2:| and the origin.

12. Compute the orthogonal projection of [ ! ] onto the line

-1
through |: _; i| and the origin.

13. Lety = 2 4:|. Write y as the sum of two

3 | —7

and u = |:
orthogonz;l vectors, one in Span {u} and one orthogonal to u.

14. Lety = 2 and u = [—i’ ] Write y as the sum of a vector
in Span {1_1} and a vector orthogonal to u.
[ 3] 8 :
15. Lety = 1 andu = 6 . Compute the distance from y to

the line tl'-lroflgh u and the origin.

16. Lety = _3] andu = [ ; ] . Compute the distance from y

to the line through u and the origin.

In Exercises 17-22, determine which sets of vectors are orthonor-
mal. If a set is only orthogonal, normalize the vectors to produce
an orthonormal set.

[1/3 —1/2 [0 0
17. | 1/3 |, 0 18. [ 1 (.| —1

| 1/3 1/2 0 0

oy . [ —2/3 1/3
19. '8],['6 20. 1/3 1.1 2/3

- e | 2/3 0

C1/4/107 [ 3/4/10 0

21. | 3/420 |, | =1/4/20 |, | —1/42
[ 3/v20 ] L-1/v20 1/32

[ 1//187] [ 1/42 —-2/3
22, | 4/J18 |, 0 |,
L 1/V18 ] [ -1/V2 —2/3
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Question 3:[Orthogonal Projection]

Dr.Helene Kanso CS 223 Chapter 6



In Exercises 1 and 2, you may assume that {uy,..., uy) is an
orthogonal basis for R*.

A T Y e

5 I T R 3 B

10
-8 _ )
X = L Write x as the sum of two vectors, one in
0
Span {u,, u,,u;} and the other in Span {u,}.
1 -2 1 —1
’ 12 - 1 - 1 o 1
. U = 1 , Uy = -1 , W3 = -2 , Wy = 1 3
1 1 —1 -2

s

L SJ. Write v as the sum of two vectors, one in

3
Span {u, } and the other in Span {u,, u;, u,}.

In Exercises 3-6, verify that {u,, u,} is an orthogonal set, and then
find the orthogonal projection of y onto Span {u;, u,}.

-1 1 -1
3. y= 4 l,yy=11 [, u= 1
3 | 0 | 0
6 3] [ —4 ]
4. y = 3lbuy=1]4|,u= 3
-2 | 0 | 0]
[ —1 ] 3 1
5' y: 2 !“1: _1 !“2: _1
6 | | 2 -2
[ 6 —4 0
6. y=|4|.uy=|-1],u,=1|1
| 1 1 |

In Exercises 7-10, let W be the subspace spanned by the u’s, and
write y as the sum of a vector in W and a vector orthogonal to W.

1 1 5
7. y= L = 3 l,up= 11
5 -2 4
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1] (1] [ 1]
8. y= 4 [,yy=1|11[|.uwm= 3
3 | 1] | =2 |
4] [ 1] [ 1] —1
3 | 3 0
9. y= 3 ,up = 0 ,Uy = X LUy = X
| -1 | 1] | -2 | L IJ
_3—‘ |7 ] _1—‘ |7 0—‘
4 1 0 —1
].0. y: 5 LU = 0 LUy = 1 , Uy = 1
7 B = T B

In Exercises 11 and 12, find the closest point to y in the subspace

W spanned by v, and v,.

I

12. y =

L]

3“ |' 1
-2

V=
2

—1
1
el L

[=11]

_SW { SW [ IW

1 1 —1

11. y = 5 LV = 1 , Vo = 1
1

[-1]

5]

In Exercises 13 and 14, find the best approximation to z by vectors

of the form ¢, v, + c3v,.

3 2 1
-7 -1 1
13. z = y M= e = 0
| 3] |1 [ —1 |
2] [ 2] [ 5]
4 0 —2
14. z = 0 LV = 1 ,Vy = 4
| -1 | =3 ] | 2
5 -3 -3
15. Lety=| -9 |,uy=| =5 |[,u, = 2 |. Find the dis-
5 1 1

16.
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tance from y to the plane in R* spanned by u, and u,.

Lety, vy, and v, be as in Exercise 12. Find the distance from
y to the subspace of R* spanned by v, and v,.

CS 223

Chapter 6



Question 4: [Gram Schmidt]

In Exercises 1-6, the given set is a basis for a subspace W. Use 2 4 3 -3
the Gram—Schmidt process to produce an orthogonal basis for W. 3. 5. -1 4. | —4|.] 14
1 2 5 -7

3 8 0 5 - - - T - T T

1. 01, 5 2. | 4], 6 17 - 37 [ =57
-1 —6 2 -7 —4 =7 —1 9
S 01" —4 6. 20171 -9

L 1] [ 1] | -1 [ 3

Question 5:
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Find an orthogonal basis for the column space of each matrix in

Exercises 9-12.

3
1

9 | |
|3

1. | -1

10.

12.

-1 6
3 -8

1 -2
1 -4
13
-1 -3
0 2

1 5

1 5

o O

L

OO b L = Uh

In Exercises 13 and 14, the columns of O were obtained by
applying the Gram—Schmidt process to the columns of A. Find an
upper triangular matrix R such that A = QR. Check your work.

13. A=

14. A=

5
1
—3

9"

7
-5

Question 6: Least-squares
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5/6
1/6
~3/6
1/6

[ —2/7
5/7
2/7
4/7
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In Exercises 14, find a least-squares solution of 4Ax =b by
{a) constructing the normal equations for x and (b) solving for x.

(-1 27 [4

1. A=| 2 =3 |,b=|1
-1 3] | 2
[ 2 1] -5
2.A=|-2 ol|b=| 8
2 3] | 1]
S .

-1 2 1

3oA= b=

A 0o 3P|
25 2

[1 3 5

4. A=|1 —-1|b=]1

1 0

In Exercises 5 and 6, describe all least-squares solutions of the
equation Ax = b.

1 1 ] |
- | 1 ] 3
5. 04 1 0 I b 3
R 0 I | | 2 ]
M1 1 07 77
1 1 0 2
1 1 0 3
6. A 1 0 | b f
1 0 | 5
R 0 I | EX

7. Compute the least-squares error associated with the least-
squares solution found in Exercise 3.

8. Compute the least-squares error associated with the least-
squares solution found in Exercise 4.

Find the orthogonal projection of b onto Col A and a least square solution of
Ax=Db

1 5 4
9. A= 3 1 {,b=| -2
-2 -3

Using the given OR factorization of A, find the least-squares solution of Ax=b
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15. A=

16. A =
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[2/3
2/3
| 1/3

[1/2
1/2
1/2

| 1/2

—1/37

2/3
—2/3

—1/27
1/2
~1/2

1/2 |

- - 7
305
b=|3
0 1] K
___11
2 3] 6
o s5|P=| s
|7
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