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PRINCE SULIAN
Chapter 6: Orthogonality and Least squares
Question 1:
L Since u=| | and v=|*|, wu=(c?+22 =5, v-u=4(-1)+ 622) =8, and 2= 8
2 6 u-u 5
3 6
2. Since w=| —1|and x=|-2[, w-w=3 +(=1)° +(=5)" =35, x - w=6(3) + (<2)(=1) + 3(—-5) = 5. and
-5 3
xw_5 _1
w-w 35 7
3 3/35
3. Since w=| 1|, w-w=3 +(=1)* +(-5)" =35, and w=—1/351.
Wew
-5 117
4. Since u= - Luu=(-1Y"+2=5 and LIu: 115 .
2 u-u 2/5
_ -1 4 e
5. Since uz{ 2} and ?:L.i|’ u-v=i—-1)4)+2(6)=8, v.-v=4"+6" =52, and
u-v ve 24 a 813
v-v) 13l6] l12n3]
6 3
6. Since x=| -2 and w=| —1[, x-w=6(3)+ (=2)=1)+3(-5)=5. x-x=6"+(=2)" + 3" =49, and
3 -5
S 6 30/49
[ﬁ]n— 2 |=-10/49 |.
XX 49
3 15/49
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3
7. Since w=| ~1|, [|wll=v/w-w =3* + (1) + (=5)* =+/35.

5
6

8. Since x=( -2 |, [[x|l=vx-x =67 +(=2)* +3° =J49 =7.
3

9. A unit vector in the direction of the given vector is
1 =30 1|-30| |-3/5
l(—30)* +a0> | 40 50| 40] | 4/5

10. A unit vector in the direction of the given vector is

6 6] |-6161
! 4l=—| 4]=| a6l

T4, om? 61
Jeor a7+ (3)7| 5| 61|, AaT

11. A unit vector in the direction of the given vector is
714 714] |71J69

1 1
1/2 | = 1/2 =] 2/J69
2 2 12 J69716
NAIa 2 17| | |ade

12. A unit vector in the direction of the given vector is

1 {m}_ 1 [313}_[45}
\;"{813}%22 2 o/e! 2| |3/5

13. Since x :[ lﬂ and y =[_ﬂ, Ix=y|F=M0= (=D +[-3—(=5)T =125 and dist (x.y) =125 =5+/5.

0 -4
14. Since u=|-5 | and z=| 11, lu—z|F=[0— (-] +[-5—(=D]* +[2-8]" =68 and
2 8

dist (1, z) = /68 = 24/17.

15. Since a - b=8(-2) + (-3){ —=3) =—-1 =0, a and b are not orthogonal.
16. Since w: v=12(2) + (3)( —3) + (—=3)(3) = 0, u and v are orthogonal.

17. Since w - v=3(—d) + 2(1) + (-3} -2) + 0{6) = 0, u and v are orthogonal.

18. Sincey - z=(-3)(1)+ 7(-8)+ 4{15)+ 0(-T)= 1 = 0, ¥ and z are not orthogonal.
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Question 2:

-1 3
1. Since | 4 || =4 |=2=0, the set is not orthogonal.
-3 -7
1] [0 1] [-5] [o][-5
2 Since |[-2-|1|=|-2]-|-2|=]| 1|-]-2|=0, the set is orthogonal.
| 1] |2 1 1 2 |
6] 3
3. Since | -3 |-| 1|=-30=0, the set is not orthogonal.
| 911
2] [o 2 1 o] 4]
4. Since | -5 (-|0|=|-5|-|-2|= 0| =2 =0, the set is orthogonal.
| -3] |0 -3 6| |0 6 |
3] [-1] [ 3][3] [-1][3]
. -2 3 -2 |8 318 .
5. Since . = - = - =10, the set is orthogonal.
1{|-3 7 =317
| 3| 4] 3||0] | 4]10]
41T 3
1
6. Since ; . s =—-32 20, the set is not orthogonal.
- R_ __I_

In the following exercises, you can also find the coefficients by solving a linear
system

7. Since u,-u, =12-12=10, {u,u,} is an orthogonal set. Since the vectors are non-zero, u, and u, are

linearly independent by Theorem 4. Two such vectors in R” automatically form a basis for R’. So
{u,,u,} is an orthogonal basis for R’. By Theorem 5,
X 11| X- 'll:

1
X= u, + =3u, +—u,
u -, u,u, 2 -
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8. Since u, -u, =—6+6=10, {n,.u0,} is an orthogonal set. Since the vectors are non-zero, u, and u, are

linearly independent by Theorem 4. Two such vectors in B automatically form a basis for R*. So
{u,,u,} is an orthogonal basis for R’. By Theorem 5,

X-u, X-u, 3 3
X= u, + —=—=, +—1,
u, - u, -u, 2 4

9. Since w,-u, =u,-n, =u, -u, =0, {u,.0, n,} isanorthogonal set. Since the vectors are non-zero, u,,
u,, and wy are linearly independent by Theorem 4. Three such vectors in ). automatically form a basis
for R”. So {u,.u,.u,} is an orthogonal basis for R’. By Theorem 5,

X-u, X-u,  X-u, 5

3
X= o, + - u; =—u, ——u, + 2u,
n, -, o, -u, Oy 2 2

10. Since w,-u, =u,-u, =u,-uw, =0, {0, u,} isan orthogonal set. Since the vectors are non-zero, u,,
u,. and u, are linearly independent by Theorem 4. Three such vectors in R’ automatically form a basis

for R". So {u,.u,.u,} is an orthogonal basis for R’. By Theorem 5,

X-u, X-u,  X-u, 4 1 1
X= u + =+ =l ==y + 1y +
u, -, u,-u,  ug-u, 3 3 3

1 —4
11. Let y= [7} and u =[ 2}. The orthogonal projection of y onto the line through u and the origin is the

orthogonal projection of y onto u, and this vector is
. Yy-u 1 2
y uu 2 {—1}
1 -1 _— . L
12. let y = ) and u= 30 The orthogonal projection of y onto the line through u and the origin is the
orthogonal projection of y onto u, and this vector is
. ¥y'u 2 2/5
u-u 5 —6/5
13. The orthogonal projection of y onto u is

. y-u 13 —4/5
y=—|.l=*—ll=
u-u 65 715

The component of y orthogonal to u is
.| 14/5
VYT s

- e iy 5], 195
sy=y+(y-¥)= + .
W Y=YTWEYE s T s

14. The orthogonal projection of y onto u is

. yu_ 2 14/5
u-u 5 2/5

Dr.Helene Kanso CS 223 Chapter 6



The component of y orthogonal to u is

[
Y=Y= g5

" A 457 [-ass
us =V + - = + .
Y=Y 51T g

15. The distance from y to the line through u and the origin is |[y — § ||. One computes that

. y-u 3 318 3/5
— = —u= e =
yoy=y u-u 1| 10}6 —4/5
so ||y —¥|=+9/25+16/25 =1 is the desired distance.

16. The distance from y to the line through u and the origin is |[y — ¥ . One computes that

y-f:}f—ﬁ"{ﬂ‘-”[ﬂ{ﬂ

s0 ||y —§/=/36+9 =35 is the desired distance.

1/3 -1/2
17. Letu=|1/3|, v= 0|. Since u- v =0, {u, v} is an orthogonal set. However, ||u|*=u-u=1/3 and
1/3 1/2

| v|F=v-v=1/2, so {u, v} is not an orthonormal set. The vectors u and v may be normalized to form
the orthonormal set

33| [ 22
e |2 o
ull || v
B3| 202
0 0]
18. Letu=| 1|, v=|—1|. Sinceu - v=—1 =0, {u, v} is not an orthogonal set.
0 0
-6 8] . , 5
19. Let u= o | V= 6l Since u - v =0, {u, v} is an orthogonal set. Also, ||u|*=u-u=1 and

| vIP=v-v=1, so {u, v} is an orthonormal set.

[—2/3 1/3
20. Letu=| 1/3|, v=[2/3|. Sinceu v =0, {u, v} is an orthogonal set. However, |[u|f=u-u=1 and
2/3 0

| v]F=v-v=5/9, so {u, v} is not an orthonormal set. The vectors u and v may be normalized to form
the orthonormal set

/3 1/+/5
{L,L}_ 173 (.| 2/+5
lall || v]

2/3 0
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1/:/10 3/:10 0
21. Letu= 3/@ , V= fllm ,and w= 71/\/5 .Sinceu-v=u-w=v-w=0, {u, v, w} is an

3/320 ~1/20 1742

orthogonal set. Also, |[u|f=u-u=1 ||v|’=v-v=1 and ||w|’=w-w=1, so {u, v, w} is an
orthonormal set.

/18 1742 —2/3
22. Lletu= 4/@, V= 0|, and w=| 1/3|. Sinceu-v=u-w=v-w=0, {u, v, w}isan
/18 ~1/\2 -2/3

orthogonal set. Also, |[u|f=u-u=1, ||v|’=v-v=1 and ||w|’=w-w=1, so {u, v, w} is an
orthonormal set.

Question 3:[Orthogonal Projection]

1. The vector in Span{u,} is

10
—6
X U u, =7—2u4 =2u, =
u,-u, 36 -2
L 2_
. X'U4
Since x =cu, +c,u, +c;u; +——u,, the vector
I.I4 ‘I.I4
(10| [10] [ O]
X-uy, -8 |6 —2
X——Uu, = — =
u,-u, 2] |2 4
0] | 2] [-2)

is in Span{u,,u,,u;}.
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2. The vector in Span{u,} is

2
. 4
u, -u, 2
2
: v,
Since x = u, +c,u, +cu, +c,u,, the vector
u, -u,
2 2
v-u, 50 |4 1
Vo——u, = - |=
u -u -3 [2] |5
3] |2 1

is in Span{u,,u,,u,}.

3. Since u,-u, =-1+1+0=0, {u,,u,} is an orthogonal set. The orthogonal projection of y onto
Span{u,,u,} is

l -1 -1

. i} 3 5 3 5
y:yu‘ul+yu2u2:—u]+—u2:—l +=| 1|=| 4
0 0 0

4, Since u,-u, =-12+12+0=0, {u,,u,} is an orthogonal set. The orthogonal projection of y onto
Span{u,,u,} is

47 [e

y: y~lll ul+ y-llz “2 :Eu] _Euz :E 4 _é 3 = 3
“].u] ]_]2-[]2 25 25 5 5

0 0 0

5. Since uw,-u, =3+1-4=0, {u,,u,} is an orthogonal set. The orthogonal projection of y onto
Span{u,,u,} is

6. Since u, -u, =0-1+1=0, {u,,u,} is an orthogonal set. The orthogonal projection of y onto
Span{u,,u,} is

27 5 374 5|0 )®
y:y'ul l.l|‘|>y.u2 l_lzszl.ll‘l“*llz:f— —1|l+—=1|=|4
u -y, u,-u, 18 2 2 i 2 i i
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7. Since u,-u, =5+3-8=0, {u,,u,} is an orthogonal set. By the Orthogonal Decomposition Theorem,

) 10/3 -7/3

=YWy YNy —ou s Su, =] 2/3 | z=y-§=| 7/3
u, -u, u,-u, 3

8/3 7/3

andy = ¥ + z, where ¥ isin Wand z is in W.

8. Since u, -u, =-1+3-2=0, {u;,u,} is an orthogonal set. By the Orthogonal Decomposition Theorem,

1 3/2 -5/2
§=Y My + XNy —ou o, =[7/2 ] z=y—§=| 1/2
u, - u, -u, 2 { »

andy = ¥ +z, where § isin Wand zisin W™,

9. Since u;-u, =u,-uy; =u,-uy; =0, {u,,u,,u,} is an orthogonal set. By the Orthogonal Decomposition

Theorem,
2 2
. . - 4 _1
R N
u - u, -u, us; -y 0 ;
0 -1

andy = ¥ +z, where § isin Wand zisin W=,

10. Since u,-u, =u, -u; =u,-u, =0, {u,u,,u,} is an orthogonal set. By the Orthogonal Decomposition

Theorem,
5 -2
.y y-u, y-u, 1 14 3 2 . 2
= u; + u, + u, =—u, +—Uu, ——U; = LZ=y-V=
yu,-u]]llz-l|22u3-u333]32333 y=y 2
6 0

andy = ¥ +z, where § isin Wand zisin W=,

11. Note that v, and v, are orthogonal. The Best Approximation Theorem says that ¥ , which is the
orthogonal projection of y onto W =Span{v,,v,}, is the closest point to y in W. This vector is

3

. . -1
g=2IN v, + y Vs vz—lv]+gv2:

v, -V, vV, V, 2 2 1

-1

12. Note that v, and v, are orthogonal. The Best Approximation Theorem says that ¥ , which is the
orthogonal projection of y onto W =Span{v,,v,}, is the closest point to y in W. This vector is

-1

: v, -5
g=2 v, + y' V2 v, =3v, +1lv, =

V-V, V, ¥, -3

9
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13. Note that v, and v, are orthogonal. By the Best Approximation Theorem, the closest point in
Span{v,,v,} tozis

-1

. Z-V) Z-V, 2 7 -3
7= V|+ = V2 Z—V]——V2:

V-V, vV, V, 3 3 -2

3

14. Note that v, and v, are orthogonal. By the Best Approximation Theorem, the closest point in
Span{v,,v,} tozis

1

. IV Z-V, 1 0
i= v, + =V, =—v, +0v, =

A7 vV, ¥, 2 -1/2

-3/2

15. The distance from the point y in 2” to a subspace W is defined as the distance from y to the closest point
in W. Since the closest point in Wto y is § = proj, ¥, the desired distance is || y — § ||. One computes that

3 2
§=[-9,y-§=[0|. and ||y - |=+/40 = 24/10.
-1 6

16. The distance from the point y in ©* to a subspace W is defined as the distance from y to the closest point
in W. Since the closest point in Wto y is § = proj,y, the desired distance is || y — § ||. One computes that

-1 4

7= ly-3= ] andlly-yl=8.
3 4
9 4

Question 4: [Gram Schmidt]

-1
1. Set v, =x,; and compute that v, =x, fuvl =X, —3v, =| 5. Thus an orthogonal basis for W is
ViV 3
301
0], 5
-1{]-3
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X,V
2. Set v, =x, and compute that v, = x, ——2—1
v, -V,
0 5
4 3
218

3. Set v, =x, and compute that v, =x, — X %
vV,
2 3
-51,13/2
1)]3/2

4. Set v, =x, and compute that v, =X, — XY
Vitv,
313
41,16
5113
XV
5. Set v, =x, and compute that v, =x, —
Vi'vy
1 5
—4 1
0|-4
1] -1
X, -V,

6. Set v, =x, and compute that v, =X, -
V-V,

3] [ 4
-1/ 6

2|3
-1/ 0

Dr.Helene Kanso
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1
v, =X, —Ev, =| 4. Thus an orthogonal basis for Wis
-8
) 3
vV, =X, favl =|3/2 |. Thus an orthogonal basis for W is
3/2
3
Vv, =X, —(-2)v, =| 6 |. Thus an orthogonal basis for W is
3
5
1 . ‘
vV, =X, -2V, = . Thus an orthogonal basis for W is
-1
4
6 . .
vV, =X, —(-3)v, = 3| Thus an orthogonal basis for W is
0
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Question 5:

9. Call the columns of the matrix x,, X,, and X, and perform the Gram-Schmidt process on these vectors:

v, =X,
1
x .v 3
Vo =X, — — 1 =X, —(=2)v; =
v, 'V, 3
-1
X3V, X3V, 3 [ 1
Vi3 =X, V) =X, v
\(RA Y vV, ¥,
3 1]]-3
. . 3 1
Thus an orthogonal basis for W is 5]
30 -1 3

vV, =X,
3
X, -V, 1
Vo =X, — 1 =% —(3)v, =
\ 72 1
-1
. 1 5
V3 =X;— =B =B Vo =X vy \F)
v, -V, V,-V, 2 2
-1 30 -1
. . 1] ]-1
Thus an orthogonal basis for Wis 1l 3
1| |-1] -1
Dr.Helene Kanso CS 223
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11. Call the columns of the matrix x,, X,, and x, and perform the Gram-Schmidt process on these vectors:

V=X
-3
0
v, =X, ):{T:: =X, —(-Dv,=| 3
-3
L 3,
- o
0
vi=x, -2y BVag o 4v1[1]v2— 2
AR v, ¥, 3
2
,_2,
CL [ 3] 2]
-1 0 0
Thus an orthogonal basis for Wis 11, 3 2
1]]-3 2
1) 3] -2]

12. Call the columns of the matrix x,, X,, and x; and perform the Gram-Schmidt process on these vectors:

V=X
oy
1
v,=x, 2 Yy ox 4y =| 2
ViV |
L 1,
s
3
vi=x, ooy XV 2:x372v173v1: 0
v, -V, vV, -V, 2 3
__3_
Co [ [ 3]
-1 1 3
Thus an orthogonal basis for Wis O] 2.1 0
1 1||-3
1) 1] [ -3]
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13. Since A and Q are given,

R=0"A=
-1/6 5/6 1/6 3/6

14. Since A and Q are given,

; {2;7 5/7 217 4/7
R=0Q"A=

5/7 217 417 2/7

Question 6:

1. To find the normal equations and to find X, compute
-1 2
. -1 2 -1 6 -11
A A= 2 3=
2 -3 3 -11 22
-1 3
4
. -1 2 -l -
Ab= l]=
2 -3 3 11
2

X

. . 6 -11
a. The normal equations are {AIA}x =A'b: [ }{ =

11 22

s

b. Compute

1rm ;-. i
cearariapo| & NTTH]_1[2 n]f
—11 22 11 111 6] 11
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2. To find the normal equations and to find X, compute

2 1

aral? 2 2] ol f1z 8
1 0 3 8 10

2 2 2

A'b =
[l 0 3

. . 12 B |l x —24
a. The normal equations are (A’ A)x=A"b: [E H ’]:[ }

'b=[l§ 13}[—2;];—5[12 Iﬂﬁﬂ

b. Compute

R=(ATA)y' AT

2 3

|

-l 3]

3. To find the normal equations and to find X, compute

. 1 -1 0 2
A'b=
2 2 3 5

1 -2]
AT A = 1 -1 0 2]-1 2| [6 6
2 2 3 5|0 3|6 42
_2 5_
.
1l [ 6
4| | -6
_2_

. . 6 6| x 6
a. The normal equations are (A" A)x=A"b: [ }{ o } ={ }

b. Compute

6 42| x

SRR MM R P
k=(ATA)'A'b= _
6 42| |-6] 216|-6 6] -6

Dr.Helene Kanso
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4. To find the normal equations and to find X, compute
3

S B 303
ATA= 1 1=
311 311

-1 |

i

} . 3 3 [
a. The normal equations are (A" A)x=A"h: .
31y |14

= = La

b. Compute

. [3 3}"[ ﬁ} 1[11 -3][ t’:}
i=(ATA)'ATh= -
3011 |14] 24|-3 3|14

e

5. To find the least squares solutions to Ax = b, compute and row reduce the augmented matrix for the
system A’ Ax=A"b:

4 2 2 14 1 0 1 5
[ATA A'B]=|2 2 0 4|~j0 1 -1 3
2 0 2 100 (00 O O
5 -
so all vectors of the form X=| -3 |+ x,| 1| are the least-squares solutions of Ax =h.
0 1

6. To find the least squares solutions to Ax = b, compute and row reduce the augmented matrix for the
system A’ Ax=A"b:

6 3 3 7 1 0 1 5
[A"A A'p]=|3 3 0 12|~[0 1 -1 -I
30 3 15 oo o 0
5 =1
so all vectors of the form X =| -1 [+ x| 1| are the least-squares solutions of Ax =h.
0 1
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1 -2 3
_ -1 2 1 [ an]
7. From Exercise 3, A= , h= cand X= . Since

0 3 —4 | -1/3
2 5 2

1 -2 3 2 3] [-1

N -1 20 443 1 -2 1 -3

AX—bh= — = — =
0 3 -1/3 — -1 — 3
2 5 2 1 2| |-l

the least squares error is || AX—b ||=JE_{] =245.

5

1

8. From Exercise 4, A=|1 —1]1, h=|1], and i:|:l} Since
1 1 0

13 | 5 4
Ax-b=|1 -1 |:]i|— 1|=[0
1 1 0 2

the least squares error is || AX —b||= J6.

9. (a) Because the columns a, and a, of A are orthogonal, the method of Example 4 may be used to find

b, the orthogonal projection of b onto Col A:

|
=1
0
(b) The vector X contains the weights which must be placed on a, and a, to produce b . These weights

277
are easily read from the above equation, so x = [1/7}.
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35 7
15. The least squares solution satisfies R& = Q'b. Since R = {0 J and Q'b —{ J , the augmented matrix

for the system may be row reduced to find

[0 ov)-g 1 2 1

and so f(—{

} is the least squares solution of Ax = h.

2.3 17/2
16. The least squares solution satisfies R& = Q”b. Since R _|:0 5} and Q"b _{ 9/2}, the augmented

matrix for the system may be row reduced to find
r 2 3 17/2 1 0 29

(& o™]- -
0 5 9/2 0o 1 9

29
and so X —|i 9} is the least squares solution of Ax = b.
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