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PRINCE SULTAN
Chapter 5: Eigenvalues and Eigenvectors .
Question 1:
: 3 2
1. Is A = 2 an eigenvalue of 3 g ? Why or why not?
. 7 3
2. Is A = —2 an eigenvalue of T ? Why or why not?
1 . -3 1 .
3. Is 4 | an eigenvector of 3 g ? If so, find the eigen-
value.
- |
4. Is . —Il_ \/5] an eigenvector of [ {4 ]‘? If so, find the
eigénvalue.

4 3 7 9

. Is | —3 | an eigenvector of | —4 -5 1 |?If so, find

1 2 4 4
the eigenvalue.
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1 3 6 7
6. Is| —2 | aneigenvectorof | 3 3 7 |?1If so, find the

1 5 6 5
eigenvalue.
3 0 -1
7. Is A = 4 an eigenvalue of 2 3 1 | 71If so, find one
-3 4 5
corresponding eigenvector.
12 2
8. Is A = 3 an eigenvalue of | 3 —2 1 [?If so, find one
0o 1 1

corresponding eigenvector.

Question 1: solution

Dr.Helene Kanso CS 223 Chapter 5



1. The number 2 is an eigenvalue of A if and only if the equation 4x =2x has a nontrivial solution. This
equation is equivalent to (4 —2/)x=0. Compute

s M oM

The columns of 4 are obviously linearly dependent, so (4 —27/)x =0 has a nontrivial solution, and so
2 is an eigenvalue of 4.

2. The number —2 is an eigenvalue of 4 if and only if the equation Ax =-2x has a nontrivial solution. This
equation is equivalent to (A4 +2/)x =0. Compute

v} 3]

The columns of 4 are obviously linearly dependent, so (A4+2/)x=0 has a nontrivial solution, and so
—2 is an eigenvalue of 4.

-3 1|1 1 1 1
3. Is Ax a multiple of x? Compute = Al |. So is not an eigenvector of 4.
-3 8|4 29 4 4

—1+22
3+42

that if 4Ax is a multiple of x, then that multiple must be 3+ V2. Check 3++/2 times the first entry of x:

(3+J§)(—1+ﬁ):—3+[ﬁ]2+2(:—1+2ﬁ

. 2 1] -1+42 .
4. Is Ax a multiple of x? Compute i = The second entries of x and Ax shows

4 1

This matches the first entry of Ax, so {_1 * \/ﬂ 1s an eigenvector of 4, and the corresponding

eigenvalue is 3+ V2.
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3 7 9] 4] [0 4
5. Is Ax amultiple of x? Compute | -4 -5 1| -3 |=|0]. So | =3 is an eigenvector of 4 for the
| 2 4 4] 1] |0 1
eigenvalue 0.
3 6 7] 1] [-2 1 1
6. Is Ax amultiple of x? Compute |3 3 7| -2|=| 4|=(-2)|-2| So | -2 is an eigenvector of
5 6 5| 1 -2 1 1

A for the eigenvalue 2.

7. To determine if 4 is an eigenvalue of 4, decide if the matrix 4 —4/ is invertible.
30 -1 4 0 0 -1 0 -1
A-4I= 2 3 1|-|0 4 0|=| 2 -1 1
-3 4 5 0 0 4 -3 4 1

Invertibility can be checked in several ways, but since an eigenvector is needed in the event that one
exists, the best strategy is to row reduce the augmented matrix for (4—-4/)x=0:

-1 0 -1 0 -1 0 -1 0 I 0 1 0
2 -1 1 0|~ 0 -1 -1 0|~j0 -1 -1 0
-3 4 1 0 0 4 4 0 0 0 0 0
The equation (4 —4/)x=0 has a nontrivial solution, so 4 is an eigenvalue. Any nonzero solution of
(A—41)x =0 is a corresponding eigenvector. The entries in a solution satisfy x; +x; =0 and

—x, —x; =0, with x; free. The general solution is nof requested, so to save time, simply take any
nonzero value for x; to produce an eigenvector. If x, =1, then x=(-1,-1,1).

8. To determine if 3 is an eigenvalue of 4, decide if the matrix 4—3/ is invertible.
1 2 2 3 00 -2 2 2
A-3/=|3 -2 1|-|0 3 0|=| 3 -5 1
0 1 0 0 3 0 I -2
Row reducing the augmented matrix [(A—37/) 0] yields:

-2 2 2 0|1 =1 =1 O |1 O =3 0
3 -5 1 0|~-|]0 1 =2 0|~({0 1 -2 0
0 1 =2 0 0 -2 4 0 0 0 0 0
The equation (A4 —37)x =0 has a nontrivial solution, so 3 is an eigenvalue. Any nonzero solution
of (4-37)x=0 is a corresponding ecigenvector. The entries in a solution satisfy x; —3x; =0 and
x, —2x, =0, with x, free. The general solution is not requested, so to save time, simply take any
nonzero value for x; to produce an eigenvector. If x; =1, then x=(3,2,1).
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Question 2:

Find a basis for the eigenspace corresponding to each listed eigenvalue
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10. A =

11. A=

12. A=

13. A=

14. A =

15. A=

16. A =

Dr.Helene Kanso

CS 223

1
-9
{EST
—2 7 |
9_,1_10
4] |
_1_,1_1,5
0 1
1 01],A=1,2.3
0 1
0 —1
—3 0|, A==2
—13 1
2 3
1 -3 |.10=3
4 9
0O 2 0]
3 1 0
N
0 0 4]
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Question 2: solution

5 0 1 0 4 0
9. For A=1: A-1I= - =
2 1110 1 20

4
The augmented matrix for (4—7)x=0 is {2

0 0}. Thus x; =0 and x, is free. The general solution

0
of (A-1)x=0 is x,e,, where e, = [J, and so e, is a basis for the eigenspace corresponding to the

5 0[5 0/ |0 0
2 1] ]0 5/ |2 -4
The equation (4 —57)x=0 leads to 2x, —4x, =0, so that x, =2x, and x, is free. The general solution

. [J‘ﬁ
is
Ll Lo
10 -9 (4 0O 6 -9
10. For A=4: A-4I= - = .
4 -2 |0 4 4 -6

. 16 -9 0 I -9/6 0
The augmented matrix for (4—-4/)x=0 is ~ . Thus x;, =(3/2)x, and
4 -6 0 0 0 0

eigenvalue 1.

For A=5: A-51

2x,

2 2
}: X, L} So L} 1s a basis for the eigenspace.

X
x, is free. The general solution is { :

~ {(3/2”2

3/2
}= X, [ . } A basis for the eigenspace corresponding
X

X

1 3/2 |3
to4is i . Another choice is 5|

4 2710 0] [-6 -2
1. A-101 = - =
{—3 9} {0 10} {—3 —1}

. -6 =2 0 1 /73 0
The augmented matrix for (A—-101/)x=0 is ~

. Thus x; =(=1/3)x, and
-3 -1 0| |0 0 O -

—(1/3)x,

X X,

X
x, is free. The general solution is [ '}={
2

-1/3
}z X, { J. A basis for the eigenspace

-1/3 !
corresponding to 10 is { { } Another choice is { J.
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7 4 1 0 6 4
12. For A=1: A-I= - =
-3 -1 0 1 -3 2

. , 6 4 0 1 2/3 0
The augmented matrix for (4—7)x=0 is ~ . Thus x, =(-2/3)x, and
-3 -2 0 0 0 o0

-2/3 -2
x, 1s free. A basis for the eigenspace corresponding to 1 is { J. Another choice is [ 3}.

7 4 5 0 2 4
For A=5: A-5]= - = .
oo e

13. ForA=1:
4 0 1 1 00 301
A-1U=-2 1 0|-|0 1 0|=(-2 0 0
-2 0 1] |0 0 1 -2 0 0
. 3 +x,=0
The equations for (4—1)x=0 are easy to solve: {Zx, _ 0}

Row operations hardly seem necessary. Obviously x; is zero, and hence x, is also zero. There are
three-variables, so x, is free. The general solution of (4—-171)x=0 is x,e,, where e, =(0,1,0), and
so e, provides a basis for the eigenspace.

Forh=2:
4 0 1] ]2 0 0 2 0 1
A-2I=-2 1 0|-|0 2 0|=|-2 -1 O
-2 0 1} |0 0 2 -2 0 1
2 0 1 0 2 0 1 0] [ o 172 0
[((4-201) 0]=|-2 -1 O 0]~ 0 -1 1 0|~l0 D -1 0
-2 0 -1 0 0O 0 0 O 0 0 0 O
-1/2
So x; =—(1/2)x;, x, = x5, with x; free. The general solution of (4—-2/)x=0is x;| 1 |. A nice basis
1
-1
vector for the eigenspace is | 2 |.
2
For A=3:
4 0 1| |3 0 0 1 0 1
A=-3I=[-2 1 0|—-10 3 0f=—2 =2 0}
-2 0 1] |0 0 3 -2 0 2
1 0 1 0 1 0 1 o] [0 10
[(4-31) 0]=|-2 -2 0 Of~|0 -2 2 0|~[0 OO -1 0
-2 0 =2 0 0 0 0 0 0 0 0 0

So x; =—x;, x, =x;, with x; free. A basis vector for the eigenspaceis | 1.
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1 0 -1] [2 0 0]
14. For A=-2: A—-(-2D)=A+2I=|1 =3 0|+|/0 2 0
4 -13 1] [0 0 2

The augmented matrix for [A—(-2)/]x=0, or (A+2)x=0, is

3 0 -1 0 1 0 -1/3 0]

[(4+21) 0]=|1 -1 0 0|~|[0 1 -1/3 0

4 -13 3 0 0 -13 13/3 0]

o

0 -1
-1
-13 3
0 -1/3
1 -1/3
0 0

/3

Thus x; =(1/3)x,x, =(1/3)x;, with x; free. The general solution of (A+21)x=0 is x;| 1/3|.

1/3
A basis for the eigenspace corresponding to -2 is | 1/3 |; another is
|
1 2 3 0 1 2 3 0
15. For A=3: [(4-3) 0]=|-1 -2 -3 0|~|0 O 0 O
2 4 6 0 0 0 0 0
x; free. The general solution of (4-3/)x=0, is
=2x, —3x, -2 -3
X= X, =x,| 1|+x;| O |. Basis for the eigenspace:
X 0 1
30 2 0|14 0 0 O -1 0
1 31 0/, /0 4 0 0 1 -1
16. For A=4: A-4]= - =
01 1 0, /0 0 4 0 0 1
0 0 0 4], |0 0 0 4 0 0
-1 0 2 0 0 1 0 -2 0 0
1 -1 1 0 0 |0 1 =3 0 O
[(4—-4@) 0]= ~ . So x,
0O 1 =3 0 0] |0 O 0 0
10 0 0 0 0] [0 O 0 0
free variables. The general solution of (4—4/)x=0 is
x| [2x 2 0 2
x, 3x, 3 0 . . 3
X= = =X; +x,| |. Basis for the eigenspace :
X X, | 0 1
S ARE 0 1 0
Question 3:
Dr.Helene Kanso CS 223
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1.

3

2
1
-3
0

- o © <

1

. Thus x, +2x, +3x, =0,with x, and

=2X;,X%, =3x;, with x; and x,
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Find the eigenvalues of the matrices in Exercises 17 and 18.

0O 0 0 4 0 0
17. |0 2 5 18. | O O O
0 0 -1 1 0 -3

Question 3: solution

0 0 0]
17. The ecigenvaluesof |0 2 5| are 0, 2, and —1, on the main diagonal, by Theorem 1.
0 0 -1
4 0 0]
18. The eigenvaluesof [0 0 0] are 4, 0, and —3, on the main diagonal, by Theorem 1.
0 -3

Question 4:

Find the characteristic polynomial and the eigenvalues of the
matrices in Exercises 1-8.

HEE 2 {3 3]
s [ 7] |5

2 1 3 —4
5. 4 6. 4 8

5 3] (7 =2
7. 4 4 8. 2 3
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Question 4: (solution)

27 27 A0 2—-4 7 - A
1. 4= A=Al = - = . The characteristic polynomial is
7 2 7 2 0 A 7 2-4
det(A-A)=2-A) =7 =4—4A+ A7 —49=2% -4\ —45

In factored form, the characteristic equation is (A —9)(A +5) =0, so the eigenvalues of 4 are 9 and —5.

5 3 5-4 3 .. -

2. A= LJA- Al = . The characteristic polynomial is
3 5 3 5-4
det(A—AN=(5-N5-)-3-3=2-101+16

Since A* =101 +16=(1—8)(A—2), the eigenvalues of 4 are 8 and 2.

3 =2 3-4 =2 i .
3. 4= ,A-Al= . The characteristic polynomial is
1 -1 1 -1-1
det(A—A) =B -A)(-1-1)—(-2)1) =A% —2r -1

Use the quadratic formula to solve the characteristic equation and find the eigenvalues:

—btB* —dac 2+J4+4
A= == =12

2
2a

5 -3 5-4 3 - . .
4. A= , A-Al= . The characteristic polynomial of 4 is
-4 3 -4 3-1

det(A— A1) =(5-D)(B-A)—(-3)(—4)=A* —81+3
Use the quadratic formula to solve the characteristic equation and find the eigenvalues:

+ _
Azs_,/@zt 4(3) 23122\/6:%\/5

5 A

2 1 2-2A 1 . . .
y A=A = . The characteristic polynomial of 4 is
-1 4 -1 4-A

det(A—-M) =2 -N)A-1)—(1)(-1) =1 —6h+9 = (h—3)’

Thus, A4 has only one eigenvalue 3, with multiplicity 2.

4 8—A
det(A— AN =B=DB - —(=4)(4) =2 —111+40

3 4 3-4 4 . o
6. A= g , A=Al = 4 . The characteristic polynomial is
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Use the quadratic formula to solve det (4—A1)=0:

P —11+,/121-4(40)  —11++/-39
- 2 2
These values are complex numbers, not real numbers, so A4 has no real eigenvalues. There is no nonzero

vector x in R? such that Ax = Ax, because a real vector Ax cannot equal a complex multiple of x.

5 3 5-4 3 - o
. A= 4 2 , A=Al = . The characteristic polynomial is

-4  4-1
det(A—AN =G -D)E-D)-@3)(—4) =21 -91+32
Use the quadratic formula to solve det (4A—A)=0:

1= 9+ 81-4(32) 9+-47
2 2

These values are complex numbers, not real numbers, so 4 has no real eigenvalues. There is no nonzero

vector x in R such that 4x = Ax, because a real vector Ax cannot equal a complex multiple of x.

7 2 7-4 =2 o o
. A= A=Al = . The characteristic polynomial is

2 3 2 3-1
det(A—Al)=(7- DB =) - (-2)(2) = A* —104+25

Since A* —104+25=(A—-5)*, the only eigenvalue is 5, with multiplicity 2.

Question 5:

Find

9.

11.

13.

the characteristic polynomial of the following matrices:

1 0 —1 0O 3 1
2 3 -1 10. | 3
0O 6 O 12 0

-
()

W
o W O

|
12. | -3 4 1
2

5
14. | O 1 O
6
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Question 5: solution

9. det(A—Al)=det| 2 3-41 -1
0 6 0-4
characteristic polynomial is
det(4— A =(1-A)(3=A)(=A) +0+(=1)(2)(6) - 0 - (6)(—~1)(1-2) -0
= (A —4A+3) (- -12+6(1-A)
= +42 -32-12+6-64
=-A +42 -91-6

. From the special formula for 3x3 determinants, the

(This polynomial has one irrational zero and two imaginary zeros.) Another way to evaluate the

determinant is to interchange rows 1 and 2 (which reverses the sign of the determinant) and then make
one row replacement:

-2 0 -1 2 3-1 -1

det| 2 3-1 -1 |=—det|1-4 0 -1
0 6 0-4 0 6 0-4
2 3-2 -1

=—det| 0 0+(52A-.5)3-2) —1+(54-.5)(-1)
0 6 0-4

Next, expand by cofactors down the first column. The quantity above equals
[(5A-5)(3-4) -5-.54
—2det ( 6)( ) 1 } =-2[(.54-.5)3 - —(-.5-.50)6)]

=(1-DB-DD -1+ A(6)=(F —4A+3) (D) —-6-61=—1 +44* -91-6
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0-4 3 1

10. det(A— Al =det| 3 0-A4 2 |. From the special formula for 3x3 determinants, the
1 2 0-4
characteristic polynomial is
det(A— A = (—A)(-A)(=A)+3-2:1+1-3-2—-1-(-A)-1-2-2-(-4)—(-4)-3-3
=-A +6+6+A+4A+94=-2"+141+12
11. The special arrangements of zeros in 4 makes a cofactor expansion along the first row highly effective.
4-4 0 0
3-4 2
det(4—Al)=det| 5 3-12 2 [=(4-Adet
0 2-1
-2 0 2—-4
=(4-DB-V2-D =@ - =51+ 6)=-1 +91* —261+24
If only the eigenvalues were required, there would be no need here to write the characteristic polynomial
in expanded form.
12. Make a cofactor expansion along the third row:
-1-4 0 |
-1-4 0
det(4—Al)=det| -3 4-1 1 |=(2-A)-det
-3 4-2
0 0 2-1
=Q-D1-D)4-D)=-A2+517-21-8
13. Make a cofactor expansion down the third column:
6-14 =2 0 6- 1 5
det(4d—Al)=det| -2 9-A4 0 |=(3-1)-det
-2 9-1
5 8 3-4
=(B3-A6-)(9-1)—(-2)(-2)] = (3= A)(A* =151+ 50)
=—A* 41822 =952 +150 or (3— A)(A-5)(A—-10)
14. Make a cofactor expansion along the second row:
5-4 2 3
5-4 3
det(A—Al)=det| 0 1-4 0 |=(01-2)-det
6 —2-1
6 7 2-1
=(1-2)-[(5-A(-2-2)—3-6]=(1-A)(A" —31-28)
=2 +44 +251-28 or (1-A)(A-T)A+4)
Question 6:
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For the matrices in Exercises 15—17, list the eigenvalues, repeated
according to their multiplicities.

4 -7
0 3

15 | o
0 0

" 30
-5 1

17. | 3 8
0 —7
41

Question 6: solution

Nol |8 R an i an B e

2 5 0
6 g —4
. 6. |, -
1 1 -5

0 0]

0 0

0 0

10

—2 3

o - O O

_—0 O O

15. Use the fact that the determinant of a triangular matrix is the product of the diagonal entries:

det(A4— Al =det

4-4

0
0

The eigenvalues are 4, 3, 3, and 1.

Dr.Helene Kanso

-7 0 2
3-4 4
0 3-4 -8
0 0 1-4
CS 223

=(4-D3E-A)*(1-2)
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16. The determinant of a triangular matrix is the product of its diagonal entries:
07

det(A— Al) =det

5-4 0 0
8 —4-1 0
0 7 1-1
1 -5 2

The eigenvalues are 5, 1, 1, and —4.

0
0
1-4

=(5-A)(—4-H1-2)*

17. The determinant of a triangular matrix is the product of its diagonal entries:

(3-4 0 0 0 0
-5 1-4 0 0 0
3 8 0-4 0 0
0 -7 1-4 0
| 4 1 -2 3-1]
The eigenvalues are 3,3, 1, 1,and 0.

Question 7:

=(3-A)*(1-2)*(-2)

In Exercises 1 and 2,let A = PDP~! and compute A*.

)

1. P

2. P

Question 7: solution

Dr.Helene Kanso
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20
0 1
16 0
0 1

3 7
-2 5

,D:[

},AzPDP", and 4* = PD*P™'. We compute P~ :[

L S )

1 0 = 4 4p-1
,A=PDP™"  and A" = PD"P~". We compute

J’D:[o 12
lo el 2

3 7
2 5

226 =525
90 209

2

1 0
0 116

5 3
3 2

151 90
=225 -134

1
16

1 0 2 -3
,D* = ,and A% =
-3 5

0 1/16

R

Question 8:

In Exercises 5 and 6,the matrix A is factored in the form PDP~1. Use the
Diagonalization Theorem to find the eigenvalues of A and a basis for each
eigenspace.

B 2 1
5. 3 1| =
i 2
i 1 2 5 0 0 1/4 1/2
0 -1 0O 1 0 1/4 1/2
i —1 0 0O 0 1 1/4 —1/2
4 0 -2
6. |2 5 4| =
0 0 5
-2 0 -1 5 0 0 0O 0 1
o 1 2 0 5 0 2 1 4
1 0 0 0O 0 4 -1 0 =2
Question 8: solution
Dr.Helene Kanso CS 223
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1/4
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5. By the Diagonalization Theorem, eigenvectors form the columns of the left factor, and they correspond
respectively to the eigenvalues on the diagonal of the middle factor.

(1 1 2
A=5:1LEA=1:1 0},|-1
|1 -1 0

6. As in Exercise 5, inspection of the factorization gives:

-1 2110
h=4: 2[:A=5: 01
_0 1110
| - (5 1]
T le -1 5 0 5
S 2 3]
0 i ; 10. ey
T -1 4 27 422
1. | -3 4 0 2. [2 4 2
-3 1 3] 22 A
- _— "4 0 —27]
13. 3 -1 4. |2 5 4
By |0 0 5]

Question 9: solution
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7. Since A is triangular, its eigenvalues are obviously 1.

0 0
ForA=1: A-1I= {6 2}. The equation (A4—1/)x =0 amounts to 6x, —2x, =0, so x; =(1/3)x, with

I 1
x, free. The general solution is x, { J, and a nice basis vector for the eigenspace is v, = L}
2.0 _ _
ForA=-1: A+1/ = 6 ol The equation (4+1/)x=0 amounts to 2x, =0, so x, =0 with x, free.

0 0
The general solution is x, [J, and a basis vector for the eigenspace is v, = L }

1

0 1
. Then set D =
31 0

0
J, where the eigenvalues in D

From v, and v, construct P:[vl vz]:[

correspond to v, and v, respectively.
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8. Since A is triangular, its only eigenvalue is obviously 5.

0 1
ForA=5: 4-51 =L) 0}. The equation (4—-5/)x=0 amounts to x, =0, so x, =0 with x; free. The
o 1 . P . :
general solution is x, ol Since we cannot generate an eigenvector basis for =, 4 is not diagonalizable.

9. To find the eigenvalues of 4, compute its characteristic polynomial:
-1

3-%
det(4— ) = det
1 5-%

}:(3—;@(5—&)—(—1)(1)=;L2 —8A+16=(L—4)
Thus the only eigenvalue of 4 is 4.

-1 -1
Forh=4: 4-41] =[ | J. The equation (4—-4/)x =0 amounts to x; +x, =0, so x; =—x, with x,

-1
free. The general solution is xz[ J. Since we cannot generate an eigenvector basis for I %, A is not

diagonalizable.
10. To find the eigenvalues of 4, compute its characteristic polynomial:
2- 3
det(A—M)zde{ 4 i J: Q2-M)1-1)-3)4) =12 =3L—10=(A=5)(A+2)

Thus the eigenvalues of 4 are 5 and -2.

-3
ForA=35: A—51={ 4 } The equation (4—5/)x=0 amounts to x, —x, =0, so x; =x, with x,

1 1
free. The general solution is x, [J, and a basis vector for the eigenspace is v, = L}
4 3 .
ForA=-2: A+2[ = 4 3l The equation (4+1/)x=0 amounts to 4x;, +3x, =0, so x; =(-3/4)x,

-3/4 -3
with x, free. The general solution is x, [ J, and a nice basis vector for the eigenspace is v, :[ }

1 -3 5 0
From v, and v, construct P:[vl "2] :L 4}. Then set D :[0 2}, where the eigenvalues in

D correspond to v, and v, respectively.

11. The eigenvalues of A4 are given to be 1, 2, and 3.

-4 4 2 1 0 -1/4 0
ForA=3: 4-3/=|-3 | 0|, and row reducing [4—3/ 0] yields |0 1 -3/4 0| The
-3 1 0 0 0 0 0
1/4 1
general solution is x;| 3/4 |, and a nice basis vector for the eigenspace is v, =| 3 |.
l 4
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-3 4 2 1 0 -2/3 0

ForA=2: A-2I=(-3 2 0|, and row reducing [4—27 0] yields [0 1 -1 0] The
-3 1 1 0 0 0 0
2/3 2
general solution is x;| 1|, and a nice basis vector for the eigenspace is v, =| 3
1 3
-2 4 -2 1 0 -1 0
ForA=1: A-I=|-3 3 0/, and row reducing [4—1/ 0] yields |0 1 -1 0[. The general
-3 1 2 00 0 0
1 1
solution is x| 1|, and a basis vector for the eigenspace is vy =|1]|.
1 1
1 21 300
From v,,v, and v, construct Pz[v, v, v3]: 3 3 1| Thenset D=|0 2 0], where the
4 3 1 0 0 1

eigenvalues in D correspond to v, v, and v; respectively.

12. The eigenvalues of A4 are given to be 2 and 8.

-4 2 2 1 0 -1 0
ForA=8: A-8/=| 2 —4 2|, and row reducing [4—8] 0] yields |0 1 -1 0. The
0 0 0 0
|
general solution is x, { , and a basis vector for the eigenspace is v, =|1|.
1
2 2 2 1 110
ForA=2: A-27=|2 2 2/, androw reducing [4—-2/ 0] yields [0 0 0 O]. The general
2 2 2 0 0 0 0
-1 -1 -1||-1
solutionis x,| 1|+x,| 0|, and a basis for the eigenspace is {v,,v;}= L, 0]
0 | 0] 1
1 -1 -1 (8 0 0
From v,,v, and v, construct P=[v1 v, v3]= 1 1 0. Thenset D=|0 2 0|, where the
1 0 1 0 0 2

eigenvalues in D correspond to v,,v, and v, respectively.
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13. The eigenvalues of A are given to be 5 and 1.
-3 2 -1

1 01 0
ForA=5: 4-5/=| 1 -2 -1/, androwreducing [4—5/ 0] yields [0 1 1 0 [. The general
-1 -2 3 0 0 0 0
-1 -1
solution is x;| —1|, and a basis for the eigenspace is v, =| —1]|.
1 1
2 -1 (1 2 -1 0
ForA=1:4-1U=| 1 2 -1|, androwreducing [A4—1 0] yields |0 0 0 0| The general
-1 -2 1 0 0 0 0
-2 1 [-2
solutionis x,| 1|+x;| 0|, and a basis for the eigenspace is {v,,v;} = IO ;.
0 1 | 0 ]]
-1 -2 1 5 0 0
From v,v, and v, construct Pz[vl v, v3]= -1 1 0| Thenset D={0 1 0], where the
1 0 1 0 0 1

eigenvalues in D correspond to v,,v, and v, respectively.

14. The eigenvalues of 4 are given to be 5 and 4.

-1 0 -2 1 0 2 0
ForA=5: A-5I=| 2 0 4|, and row reducing [4—5] 0] yields |0 0 0 0| The general
0 0 0 0 0 0 0
0 -2 =210
solutionis x,| 1 |[+x;| 0/, and a basis for the eigenspace is {v,,v,}= OLIT] .
0 1 1110
0 0 -2 1 2 0 0
ForA=4: A-4I=2 1 4/, and row reducing [4—4] 0] yields {0 0 1 0]. The general
0 0 1 0 0 0 0
-1/2 -1
solution is x; 1|, and a nice basis vector for the eigenspace is v, =| 2|.
0 0
-2 0 -1 5 0 0
From v,,v, and v, construct Pz[v1 v, v3]= 0 1 2| Thenset D={0 5 0|, where the
1 0 0 0 0 4

eigenvalues in D correspond to v,,v, and v, respectively.
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Question 10:

1. The vectors in the given sequence approach an eigenvector v,. The last vector in the sequence,

1
X, = [ 3326} is probably the best estimate for v,. To compute an estimate for A,, examine

_[4.9978
11,6652
of A, is 4.9978.

}. This vector is approximately A,v,. From the first entry in this vector, an estimate

2. The vectors in the given sequence approach an eigenvector v,. The last vector in the sequence,
-252 : . . .
X, = Ll is probably the best estimate for v,. To compute an estimate for A, examine

[-1.2536
1 5.0064
of X, is 5.0064.

}. This vector is approximately A,v,. From the second entry in this vector, an estimate

3. The vectors in the given sequence approach an eigenvector v,. The last vector in the sequence,

S18
X, =[ 1 }, is probably the best estimate for v,. To compute an estimate for A;, examine

4594
X, :[ 9075}. This vector is approximately A,v,. From the second entry in this vector, an estimate of
A, is.9075.

4. The vectors in the given sequence approach an eigenvector v,. The last vector in the sequence,

X, = [ 7502} is probably the best estimate for v,. To compute an estimate for A, examine

-.3009
is —4012.

—-.401
X, :[ } This vector is approximately A,v,. From the first entry in this vector, an estimate of A,
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Question 11:

6 7 1
[M] 4= {8 5}, X, = {0} The data in the table below was calculated using Mathematica, which carried

more digits than shown here.

k 0 1 2 3 4 5
H 75 1 9932 1 19998
Xy
0 1 9565 ] 19990 1
P H 115 12.6957 12.9592 12.9927 12.9990
X 8 11.0 12.7826 12.9456 12.9948 12.9987
4, 8 11.5 12.7826 12.9592 12.9948 12.9990
The actual eigenvalue is 13.
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