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Chapter 4: Vector spaces e

Exercise 1:

One calculates that

3 -5 3 1] [o
Aw=| 6 -2 0f 3|=|0],
8 4 1| -4] |o

so wis in Nul 4.

One calculates that

5 21 19¢ 5 0
Aw=|13 23 2|3 |=|0],
8 14 1| 2 0

so w 1s in Nul 4.

Exercise 2:

a)
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First find the general solution of Ax = 0 in terms of the free variables. Since

’ 0]~[1 0 -7 6 0}

0 1 4 -2 0

the general solution 1s x, =7x; —6x,, x, =—4x; +2x,, with x; and x, free. So

.X'j _4 2
X= T = X3 + Xy P
X, 1
[ X4 L 0] L

£ a9 r = 3

7| |6
—4 2
1 2
L 0] | 1}
b)
First find the general solution of Ax = 0 in terms of the free variables. Since
1 -6 0 0 O
[4 0]~ :
0 0 1 0 O
the general solution 1s x; =6x,, x; =0, with x, and x, free. So
X, | 6] 0]
X, 1 N 0
X= =X X ,
x| ol o
RN 10] 1]
Exercise 3:
a)
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The set W is a subset of " *. If W were a vector space (under the standard operations in | ?), then it
would be a subspace of [ > But Wisnota subspace of | * since the zero vector is not in . Thus W is
not a vector space.

b)
The set W is a subset of ' *. If W were a vector space (under the standard operations in | *), then it

would be a subspace of |  But Wisnota subspace of | * since the zero vector is not in . Thus W is
not a vector space.

c)

The set W is the set of all solutions to the homogeneous system of equations @ — 2b —4¢ =0,

1 -2 -4 0
2a—c¢—3d=0. Thus W=Nul 4, where 4= {2 0 { 3} . Thus W is a subspace of 7 * by
Theorem 2, and is a vector space.
d)
The set W is the set of all solutions to the homogeneous system of equations a + 36 — ¢ =0,
1 3 -1 0
a+b+c—d=0.Thus W=Nul 4, where Az{1 Lo 1}.Thus W is a subspace of | * by
Theorem 2, and is a vector space.
e)
An element w on ¥ may be written as
1 —6 1 -6
c
w=c|0|+d| 1|=|0 ILJ
1 0 1 0
1 -6
where ¢ and d are any real numbers. So W= Col A where 4=|0 1|. Thus W is a subspace of * by
1 0
Theorem 3, and is a vector space.
17 [—6
Or you can say that w = Span{|o{, | 1 [}
1 0
An element w on W may be written as
-1 2 -1 2
a
w=al| 1|+b-2|=| 1 —2{}
3 -6 3 -6
-1 2
where @ and b are any real numbers. So W= Col 4 where 4= 1 -2 |.Thus W is a subspace of I * by
3 -6

Theorem 3, and is a vector space.
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Same as the previous example in terms of the idea of the span.

Exercise 4:

Either column of A4 is a nonzero vector in Col 4. To find a nonzero vector in Nul 4, find the general
solution of Ax = 0 in terms of the free variables. Since

1 -3 0
0
A4 0] -
[4 00-10 o o)
0 0 0

the general solution is x; =3x,, with x, free. Letting x, be a nonzero value (say x, =1) gives the
nonzero vector

X 3
X = =
X5 1
which is in Nul 4.

Exercise 5:

. Consider the system with augmented matrix [4 w]. Since

(4 w],{l -2 —1/3}

0 0 0
the system 1s consistent and w 1s in Col 4. Also, since

-6 1212 0
Aw = =
w 1s in Nul 4.

Exercise 6:
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1. Consider the matrix whose columns are the given set of vectors. This 3 x 3 matrix is in echelon form, and
has 3 pivot positions. Thus by the Invertible Matrix Theorem, its columns are linearly independent and
span | *. So the given set of vectors is a basis for

2. Since the zero vector is a member of the given set of vectors, the set cannot be linearly independent
and thus cannot be a basis for - . Now consider the matrix whose columns are the given set of vectors.

This 3 x 3 matrix has only 2 pivot positions. Thus by the Invertible Matrix Theorem, its columns do

not span | 2,

3. Consider the matrix whose columns are the given set of vectors. The reduced echelon form of this matrix
is
I 3 -3 1 0 9/2
0 2 -5|~(0 1 -5/2
-2 -4 1 00 0

so the matrix has only two pivot positions. Thus its columns do not form a basis for 3. the set of vectors
is neither linearly independent nor does it span = *.

4. Consider the matrix whose columns are the given set of vectors. The reduced echelon form of this
matrix is

2 I -7 1 00
-2 =3 5(~|0 1 0
1 2 4 0 0 1

so the matrix has three pivot positions. Thus its columns form a basis for 7 *.

5. Since the zero vector is a member of the given set of vectors, the set cannot be linearly independent and
thus cannot be a basis for | *. Now consider the matrix whose columns are the given set of vectors. The
reduced echelon form of this matrix is

1 2 0 0 I 0 0 0
-3 9 0 3|-/10 1 0 0
0O 0 0 5 0 0 0 1

so the matrix has a pivot in each row. Thus the given set of vectors spans
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6. Consider the matrix whose columns are the given set of vectors. Since the matrix cannot have a pivot in
each row, its columns cannot span | *; thus the given set of vectors is not a basis for - °. The reduced
echelon form of the matrix is

1 —4 1 0
2 =5(|~-(0 1
-3 6 0 0

so the matrix has a pivot in each column. Thus the given set of vectors is linearly independent.

7. Consider the matrix whose columns are the given set of vectors. Since the matrix cannot have a pivot in
each row, its columns cannot span | 3. thus the given set of vectors is not a basis for ?. The reduced
echelon form of the matrix is

-2 6 1 0
3 -1|-]0 1
0 5 0 0

so the matrix has a pivot in each column. Thus the given set of vectors is linearly independent.

8. Consider the matrix whose columns are the given set of vectors. Since the matrix cannot have a pivot in
each column, the set cannot be linearly independent and thus cannot be a basis for ' *. The reduced
echelon form of this matrix is

I 0 3 0 10 0 =3/2
-4 3 -5 2|-/10 1 0 -=1/2
3 -1 4 2 0 0 1 1/2

so the matrix has a pivot in each row. Thus the given set of vectors spans

Exercise 7:

Since B is a row echelon form of 4, we see that the first and second columns of 4 are its pivot columns.
Thus a basis for Col 4 is

277 4
21,1 -6
3| | 8

To find a basis for Nul A, we find the general solution of Ax = 0 in terms of the free variables:
X =—6x; —5x,, x, =(=5/2)x; —(3/2)x,, with x; and x, free. So

X, -6 -5
X, =5/2 -3/2
X= =X + X, \

X 1 0

Xy 0 1
and a basis for Nul 4 is
-6 -5
=5/2| [-3/2
1 0
0 1

Dr.Helene Kanso CS 223 Chapter 4



Exercise 8:

Since 4v, +5v, —3v; =0, we see that each of the vectors is a linear combination of the others. Thus the
sets {v,,v,}, {v,,v;}, and {v,,v,} all span H. Since we may confirm that none of the three vectors is

a multiple of any of the others, the sets {v,,v,}, {v,,v;}, and {v,,v;} are linearly independent and thus
each forms a basis for H.

Exercise 9:

a)

We calculate that

3 —4 3
x=35 +3 =
-5 6 —7

b)
_ 0 8 8
The matrix [b, b, x] row reduces to , 80 [x]p =
1 =5 -5
Exercise 10:
M1 -2
1. This subspace is 4 =Span{v,,v,}, where v,=|1 | and v, =| 1|. Since v, and v, are not multiples
0 3

of each other, {v,,v,} is linearly independent and is thus a basis for /. Hence the dimension of / is 2.

4 0
2. This subspace is H =Span{v,,v,}, where v,=|-3 | and v, =| 0/[. Since v, and v, are not multiples
0 -1

of each other, {v,,v,} is linearly independent and is thus a basis for . Hence the dimension of H is 2.
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0 0
_ _ 1 —1 0
This subspace is H =Span{v,,v,,v;}, where v, = ol v, = , and vy = 3|
| 1] | 2] | 0]

Now we should check whether the three vectors are independent, we can do this by

row reducing the matrix [v; v, vy 0] and verify that it has a unique solution
(no free variable). Thus the dimension is 3.

1
. ) 2
4. This subspace is H =Span{v,,v,}, where v, = 3

0 -1

0
and v, = Ll Since v, and v, are not multiples

of each other, {v,,v,} is linearly independent and is thus a basis for 4. Hence the dimension of H is 2.

Exercise 11:

1. The matrix B is in echelon form. There are two pivot columns, so the dimension of Col 4 is 2. There are
two pivot rows, so the dimension of Row A is 2. There are two columns without pivots, so the equation
Ax = 0 has two free variables. Thus the dimension of Nul 4 is 2. A basis for Col 4 is the pivot columns

of A:
1| |4
-1],| 2
50 |-6

A basis for Row 4 is the pivot rows of B: {(1, 0,-1,5), (0,72,5,76)}. To find a basis for Nul 4 row reduce

to reduced echelon form:
1 0 -1 5
A~ .
[0 1 -5/2 3}
The solution to Ax =0 in terms of free variables is x; =x; —5x,, x, =(5/2)x; —3x, with x; and x,
free. Thus a basis for Nul A4 is

1 [-5
5/21 -3
1’ o
0 1
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2. The matrix B is in echelon form. There are three pivot columns, so the dimension of Col A4 is 3. There ar
three pivot rows, so the dimension of Row A is 3. There are two columns without pivots, so the equation
Ax =0 has two free variables. Thus the dimension of Nul 4 is 2. A basis for Col A4 is the pivot columns

of A:
1 4 9
20 |-6||-10
301 -6|"| -3
3 4 0

A basis for Row 4 is the pivot rows of B: {(1,—3,0,5,—7),(0,0,2,—3,8), (0,0,0,0,5)}. To find a basis for
Nul A4 row reduce to reduced echelon form:

1 =3 0 5 0
0 0 I -=3/2 0
A~ .
0 0 0 0 1
0 0 0 0 0

The solution to Ax =0 in terms of free variables is x; =3x, —5x,, x; =(3/2)x,, x; =0, with x, and
x, free. Thus a basis for Nul 4 is

31 =5
1 0
0l,/3/2
0 1
,O, L 0,

Exercise 12:

6 9 6 9
a. Since b, =6¢, —2¢, and b, =9¢, —4¢,, [b,]- ={ 2}, (b, ] ={_4} and Csz[ - _4}

-3
b. Since x=-3b, +2b,, [x]; =[ 2} and
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