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PRINCE SULTAN

Chapter 2: Matrix Algebra

Question 1.

Compute each matrix sum or product if it is defined. If an expression is undefined,
explain why.

2 0 -1 7 =5 1
A_|:4 =5 Ei|' E_[l —4 —3:|'
3

(4 3 o= 2] o[

1. =24, B-24, AC, CD

2. A+2B, 3C - E, CB, EB

2 0 -1 -4 0 2
1. -24=(-2) = . Next, use B - 24 = B + (-24):
4 -5 2 -8 10 4

7 -5 1] |4 0 2 3 -5 3
B-24= + =
1 4 3] |-8 10 4] [-7T 6 -7
The product AC is not defined because the number of columns of 4 does not match the number of rows

X E 23 S 1-3+2(-1) 1-5+2-4 1 13] ;
of C. CD= &= = . For mental computation, the
=2 1f{-1 4 -2-3+l(-1) -2-5+1-4 -7 =6

row-column rule is probably easier to use than the definition.
2 0 -1 7 -5 1] [2+14 0-10 -1+2] [16 -10 1
2. A+2B= +2 = =
4 -5 2 1 4 3 4+2 -5-8 2-6] L6 -13 4
The expression 3C - E is not defined because 3C has 2 columns and —E has only 1 column.
CB= 1 2017 =5 1] | 1:7+2:1 Y-5)+A4) L1+2(=3)| | 9 -13 -5
=2 Afl1 4 Bl 129410 DESHEIE 2413 18 & =5
The product EB is not defined because the number of columns of £ does not match the number of rows
of R.
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Question 2:

2 5 4 -5 )
Let A = 3 I ] and B = [3 ‘fj|' What value(s) of

k., 1f any, will make AB = BA?

2 5[4 -5] [23 -10+5k _ 4 -5 2 5 23 15
AB = = . while BA= = _
[—3 JL »J {—9 15+k} L JL& 1} L—Ek 15+J

Then AB = B4 if and only 1f =10 + 5k = 15 and =9 = 6 - 3k, which happens 1f and only if k= 5.

Question 3.

Answer by true or False
a. If A and B are 3x3 and B = [b; b; h;].then AB =
[Ab; + Aba + Abs).
b. The second row of AB is the second row of A multplied
on the right by B.

c. (AB)C =(AC) B
d. (AB)" = A"BT
e. The transpose of a sum of matrices equals the sum of their

ransposes.

a. False. AB must be a 3»3 matrix, but the formula for 45 implies that it 1s 3x1. The plus signs should
be just spaces (between columns). This 1s a common mistake.

b. True. See the box after Example 6.

c. False. The left-to-right order of B and C cannot be changed, in general.

d. False. See Theorem 3(d).
e. True. This general statement follows from Theorem 3(b).

Question 4.

Find the inverse of the matrix and use it to solve the system:
8 6 E.‘ﬂ + 5.1(3 = 2
5 4 Sxp + dxs = —
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Question 5:

ALGORITHM FOR FINDING A~7

Row reduce the augmented matrix [A [ ]. If A is row equivalent to /, then
[A I]isrowequivalentto[/ A~']. Otherwise, A does not have an inverse.

Use the above algorithm to find the inverse of the following matrix:

1 0D -2
=3 1 4
2 -3 4

1 0 =2 1 0 0 1 0 =2 1 0
[4 II=|-3 1 4 0 1 0|~l0 1 -2 3 1
2 -3 4 0 0 1]|0 =3 & =2 0
10 =2 1 0 0 1 0 0 8 3 1
~0 1 =2 3 1 0f~/0 1 0 10 4 1
0o 0 2 7 3 o0 2 7 3 1

1 0 0 8§ 3 ] 8 3 ]

~0 1 0 10 4 ] A= 10 4 ]

0 0 7/2 3/2 1/2 7/2 3/2 1/2

Question 6:

Use the Invertible Matrix Theorem to check as fast as possible whether the
following matrices are invertible:
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5 7 [—4 6
li -_3 _ﬁ} Zi‘ i 6 _9]
[ 5 0 0] -7 0 4
3| -3 =7 0 4 30 -l
8 5 -1 | 2 0 9
0 3 -5 1 -5 -
5. 1 0 2 6. 0 3 4
| -4 -9 7 | -3 6 0

7
1. The columns of the matrix { —6} are not multiples, so they are linearly independent. By (e) in the

IMT, the matrix is invertible. Also, the matrix is invertible by Theorem 4 in Section 2.2 because the
determinant is nonzero.

-4 6
2. The fact that the columns of { } are multiples is not so obvious. The fastest check in this case

may be the determinant, which 1s easily seen to be zero. By Theorem 4 in Section 2.2, the matrix 1s
not invertible.

3. Row reduction to echelon form is trivial because there is really no need for arithmetic calculations:
5 0 0 5 0 0 5 0 0
-3 =7 0|-=/0 =7 0|~|0 =7 0] The 3=3 matrix has 3 pivot positions and hence is
8 5 -l 0 5 -l 0 0 -l

invertible, by (c¢) of the IMT. [Another explanation could be given using the transposed matrix. But see
the note below that follows the solution of Exercise 14.]

=7
4. The matrix | 3

2

s0 the matrix 1s not invertible (or singular) by (e) in the IMT.

0 3 -5
5.0 1 0 2
-4 9 7

1 -5 4]
6.0 3 4

3 6 0]

| 0

0
0
0

1

]

| —4

1

0

4
-1
9

0
3

-9

=3
3
-9

5

=5

4

4

-12|

?_

1

1

0
0

0
0

0
3
-9

=5
3
0

2 1
=5|~|0
15 0

—4
4
0

0
3
0

obviously has linearly dependent columns (because one column is zero), and

2
-5
0

The matrix is not invertible because it i3 not row equivalent to the identity matrix.

The matrix 1s not invertible because 1t 1s not row equivalent to the identity matrix.
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Question 7:

Find an LU factorization of the matrices below:

2 -4 4 -2
6 -9 T -3
-1 -4 8 0

2 -6 6
-4 5 -7
i 5 -1
-6 4 -8
8 -3 9

[@—44—1 2 4 4 2] [2 4 4 =2

A= 6 9 7 3|~|l0 3 -5 3|-|0 3 -5 3 |=U
-1 4 8 0|l |0 -6 10 1] |0 0 0 (3
! |
@ +
P
-1] -6 [®)]
+2 +3 +5

1 1 0 0
3001 . L= 310
-1/2 =2 1 -1/2 =2 1
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2 -6 6| [2 -6 6] [2 -6 6]
4 5 700 & s/ |o 7 s
A= 3 5 -1{~j0 14 -10(~|0 0 0(=U
-6 4 -8 0 -14 10} 0 0 0
8 =3 91 {0 21 -15) |0 O O]

¢
_® i
—4 @
3 14
-6 -14
| 8. 21] Use the last three columns of I to make L unit lower triangular.
+2 =7
'll l | 1 0 0 0 0]
-2 1 -2 1 0 0 0
3/2 =2 1 , L=|3/2 =2 1 0 0
-3 2 0 1Iv -3 2 0 1 0
4 =3 0 0 1 | 4 =3 0 0 1]
Question 8:
[ 3 -7 -27 |:—?i|
A=|-3 5 1 [.b= 5
6 -4 0] 2
1 0 07 |:3 =7 —2i|
A=|-1 1 0 0 -2 -1
2 -5 1|0 0 -1
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1 0 0 3 -7
L=|-1 1 0, 0U0=10 =2 5|. First, solve Ly =h.
2 -5 1 0 0
1 0 0 =7] 1 0 0 -
[L b]=|-1 1 0 5|~ I 0 =2 The only arithmetic 1s in column 4
2 -5 1 2] -5 1 16
1 0 0 -7 -7
~10 1 0 =2, s0y=|=2]|.
0 0 1 6 | 6

Next, solve Ux = y, using back-substitution (with matrix notation).
3 -7 2 -7 3 =7 =2 =7 3 =7 0 -19
U y]=|0 -2 -1 =-2|~|0 -2 -1 =-2(~|0 =2 0 -8B
0o 0 -l 6 0 0 1 -6 0 0 1 -6
3 -7 0 -19 30 0 9 I 0 0 3
~0 1 0 4/~10 1 0O 4|~j0 1 0 4
0 0 1 =6 00 1 -6 0 0 1 -6
Sox=(3 4, -6).
To confirm this result, row reduce the matrix [4 b]:
3 -7 2 -7 3 7 2 -9 3 -7 2 -7
(4 b]=|-3 5 1 5[-10 -2 -1 2|-(0 2 -1 =2
& 4 0 2 0 10 4 16 0 0 -1 6

From this point the row reduction follows that of [/ ¥] above, vielding the same result.

Question 9:

Let v, =

il
E

By {¥). ¥a. Val.

,and m =

Lad i fod =
-
LB
Il

]l WO =] =
-
Il

Ln oy o8 Ln

Determine if u is in the subspace of B* generated
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The vector u 1s in the subspace generated by {vy, v5, v5} 1l and only if the vector equation x;v, +x;v, +
X;v3 = u 15 consistent. The row operations below show that u is not in the subspace generated by

Vi Vo, ¥3).

1 4 5 -4 1 4 5 -4 4 5 -4
vy v, v, w2 7 B M0 jo b2 2) fo @ 2 2
4 9 6 -7/ [0 -7 -14 9| o 0 0o (@
3 7 5 =51 |0 =5 =10 7|0 0 O 17
Question 10:
2 3 4
Letv, = Bl.v:= g |l.vys = &
6 7 7
6
p= 10 |,and A = [v; vy ¥3).
11
a. How many vectors are in [vi, ¥2, v3)7
b. How many vectors are in Col A?
¢c. Is pin Col A? Why or why not?
d. Determine if p is in Nul A.

a. There are three vectors: v,, vo, and v; in the set vy, va, v3}.
b. There are infinitely many vectors in Span{v,, vo, va} = Col 4.
¢. Deciding whether p 1s in Col 4 requires calculation:
2 -3 4 6| |2 -3 4 6 -3 -4 6
[4 p]~|-8 8§ 6 -10|~10 4 -10 14~{}@—l{] 14
6 -7 -7 11 0o 2 5 -7 0 0 0 0

The equation 4x = p has a solution, so p 15 in Col 4.

d.
To determine whether p 1s in Nul 4, simply compute 4Ap. Using 4 and p as in Exercise 7,
2 =3 4 6 -2
Ap=|-8 8 6| -10|=|-62]. Since Ap #0, p 18 not in Nul 4.
6 -7 =T 11 29
Question 11:

Determine which sets are bases for R? and R3 . Justify each answer.
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Yes. Let 4 be the matrix whose columns are the vectors given. Then A is invertible because 1ts
determinant 15 nonzero, and so its columns form a basis for R°, by the Invertible Matrix Theorem (or by
Example 5). (Other reasons for the mvertibility of 4 could be given.)

No. One vector 1s a multiple of the other, so they are linearly dependent and hence cannot be a basis for
any subspace.

No. Place the three vectors into a 33 matrix 4 and determine whether 4 1s invertible:
0 5 6 1 -7 31 [t -7 3] [ -7 3
A= 1 =T 3|~ 0 5 61~0 5 6/~0 @ 6
-2 4 5 -2 4 5 0 -10 11 0 0 @

The matrix 4 has three pivots, so 4 is invertible by the IMT and its columns form a basis for R’ (as
pointed out in Example 5).

Yes. Place the three vectors into a 3=3 matrix 4 and determine whether 4 is invertible:
1 5 711 =5 71D -5 7
A= 1 -1 0|~|0 4 -7|~|0 @ -7
-2 2 =50 -8 9| 0o 0 &5

The matrix A4 has three pivots, so 4 is invertible by the IMT and its columns form a basis for R® (as
pointed out in Example 5).

Question 12:

Find bases for Col A and Nul A, and then state the dimensions of these subspaces
and the rank of A:

Dr.Helene Kanso CS 223 Chapter 2



1 3 2 -4 l 3 2 -4
4= 3 9 1 S| o 5 7
2 6 4 =3 O | )
4 12 2 7 o 0 o 0

1 =3 2 4] KD -3
- _ -3 9 -1 5 0D 0 .
The information 4= ~ is enough to see that columns 1, 3, and 4 of
2 -6 -3 0 0
—4 12 7 0 0
1 2114
. - =3|]-1 5
A form a basis for Col A: )
2 4113
2 7
-3 0 0 0 @— 3x, = x, 3x, 3 3
0 0 0 0 =10 1 1
® @ , X= ol =x, So 15
00 0o (D o =0 % 0 0 0
0O 0 0 0 0 X, 18 the free variable X, 0 0 0

a basis for Nul 4. From this information, dim Col 4 = 3 (because 4 has three pivot columns) and dim Nul
A =1 (because the equation 4Ax = 0 has only one free variable).

Rank A=3
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