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Chapter 1: Linear equations in Linear Algebra —

Question 1:

Row reduce the augmented matrix corresponding to the given system of three equations:

1 -4 1] [1 =4 111 -4 1
2 -1 =3|~=lo 7 =5|~<lo 7 =5
-1 -3 4] o =7 5|/ lo 0 0

The system is consistent, there is only one solution. So, the three lines have only one
point in common.

Question 2:
1 & 4 | h 4
I 6 B 0 6-=-34 -4

If h = 2, then the system has no solution, because 0 cannot equal —4. Otherwise, when h
# 2, the system has a solution.

1k =31 [t & =3]
2 4 ﬁJ“[u 4420 0

Write ¢ for 4 + 2h. Then the second equation c.x, = 0 has a solution for every value of c.
So, the system is consistent for all h.

1 3 =21 [1 3 ~2]
L—4 h 8| 10 h+12 nj'

The system is consistent for all h.

[2 3 K] [2 -3 ho ]
L-ﬁ 9 5| |0 0 5+3HJ'

The system is consistent if and only if 5 + 3h = 0, that is, if and only if h = -5/3.
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Question 3:

1 4 7 ¢l 1 -4 7 g 1
0 3 -5 h|~|0 3 =5 h |~l0 3
2 5 =9 k| |0 =3 5 k+2g| |0 0

7 g
=5 h
0 k+2g+h

The original system has a solution if and only if k + 2g + h = 0.

Question 4.
Swap R1 and R2; Scale R3 by 2

swap R1 and R2; Scale R3 by %2

Question 5:
1 2 3 4] [1 2 3 41 1 2 3 4
4 5 6 T|~[0 -3 -6 -=9|~0 1 2 3
6 7 8 9| [0 =5 -10 =-15| |0 =5 =10 =I5
1 2 3 4] [ 0 -1 -2 2 3 4
~{0 1 2 3{~f0 (@O 2 3| Pivotcolsland2 |4 &) 6 7
00 0 0|0 0 0 0 6 7 8 9
1 3 5 7] (1 3 5 7 1 3 5 7 1 3 5 7]
3 5 7 9|~/0 -4 -8 -12|-|0 1 2 3 |~-10 1 2 3
5 7 9 1| |0 -8 <16 34| |0 -8 =16 =34| |0 0 0 =10
1 3 5 771 3 5 0] [o - 35 7
Pivot cols
~l0 1 2 3~/0 1 2 of~-l0o O 2 12 and 4 33 7 9
o0 o0 100 o0 1] |0 o0 5 7 9
Question 6:
3 4 2 0] [3 4 2 o0 -4/3 2/3 0
-9 12 -6 O0|~[0 0 0 o0|~j0 0 0 0
6 8 -4 o0l |o 0o o ofl0 0 0 o0
4 2
@— — Xy + x_:| = {]
3 3
Corresponding system; 0 =0
0 =0
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Basic variable: x,; free variables x;, x;. General solution: < x, 1s free

X, 18 free
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Corresponding system; @ - 2x, = =3
0= 10
n=5+Tx —bx,
. . . _ . x, 15 free
Basic variables: x; and x:; free variables: x-, x,. General solution: § ~
x, ==3+2x,
x, 15 free
Question 7:
X3 “+ 5_\'3 = ) X3 o+ S_I'l 1 _G_
4y, + 6x, - x3 = 0, 4x +6x,—x; |=|0
-x; + 3xy - 8xy = 0 —x; +3x; —8x3 | [0
0] [ x 5x, ] [0 0 | 5] [o]
dx, |+| bx,y |+]| —x; [=(0], x| 4|+x6|+x|=1|=|0
—X 3x, —8x; 0 -1 3 =8| (0]
Question 8:
1 -4 2 3 -4 2 3
0 3 5 -7|~j0 ® 5 -7
2 8 =4 3|10 0 0 3

The system for this augmented matrix is inconsistent, so b is not a linear combination
of the columns of A.

Question 9:
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2 0 6 10 1 0o 3 5|1 o 3 5]t o 3 5
[a, a;, a; b]=|-1 & 5 3f[~|-1 8 5 3|~|l0 8 8§ 8[~[0 8 8 &8
1 -2 1 3 1 =2 1 3|/ |o =2 =2 2| |o 0o 0 o0

Yes, b is a linear combination of the columns of A, that is, b is in W.
Question 10:

6 5| 51 6 51 [12] [-15] [-3
Ax=|-4 -3 3=2—4—3—3=—8+ 9/=| 1|, and
| 7 6] - 7 6| | 14| |-18] |4

6 5] . 6-2+5-(-3) -3
Ax=|—4 -3 5 |= (—4)-2+(=3)-(-3) |=| 1

| 7 6] - 7-2+6-(-3) -4
Question 11:

[1 3 -3 7 n} [{Du 9 -8 ﬂ} @) +9x —8x, =0

01 -4 50/ |0@®-4 50 ®)— 4x, + 5x, =0

The basic variables are x; and x,, with x; and x4 free. Next, x; = —9x; + 8xy, and x> = 4x; — 5x;. The
general solution 18

X, —Ox; + 8x, —Ox, 8x, -9 8
2 dxy = 5: + =5 4 =5
X= 2 = = 4 = 3 + %4 =X + Xy
X5 X X, 0 0
X, X4 0 x, 0 1
Question 12:
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Row reduce the augmented matrix for the system:
1 3 l 1 1 3 l 1 1 3 1 1
-4 -9 2 -1|-/0 3 6 3|~|0 3 6 3
0 -3 -6 -3 0 -3 -6 -3 00 0 0

1 3 1 1 0 -5 2] () —5x=-2
~10 1 2 1|~j0 MO 2 1. (@@)+2x = L
0 0 0 0 0 0 0 0 0 = 0
Thus x; = =2 + 5x3, x2 = | = 2x;, and x5 15 free. In parametric vector form,
X, =2+ 5x; -2 5x3 -2 5
X=|x |=| 1-2x, (=] 1|+|2x|=| 1|+x5|=2
X, X, 0 X, 0 l
Question 13:
a)

Use an augmented matrix to study the solution set of xju + x;v + x;w = 0 (*), where u, v, and w are the
5 7 90 7 9 0

three given vectors. Since [0 2 4 0|~|0 (@ 4 0], there are no free variables. So the
0 6 -8 0| |0 0 @0
homogeneous equation (*) has only the trivial solution. The vectors are linearly independent.

b) By comparing entries of the vectors, one sees that the second vector is —3 times
the first vector. Thus, the two vectors are linearly dependent.

¢) Row reduce the augmented matrix for Ax = 0:

0o 8 5 0] [1 =3 20Tt 3 201 3 20 3 2
3 -7 4 0f (3 -7 40/ j0 2 =20[]0 2 =20 0 @ -2
-1 5 -4 0l |-1 5 -4 0offo 2 -20[]0 0o 00 [0 03
1 3 2 0l lo0o - s o/|o -8 5 oflo o -3 0o o o

There are no free variables. The equation Ax = 0 has only the trivial solution and
so the columns of A are linearly independent.
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Question 14:

a. The vector v; 1s in Span{v,, vz} if and only if the equation x;v; + x;v2 = v; has a solution. To find out,
row reduce [v; v2 v;], considered as an augmented matrix:

1 -3 5] @M -3 5
3 9 -7(~j0 0
2 -6 h 0 0 h-10
At this point, the equation 0 = 8 shows that the original vector equation has no solution. So v;1s 1n
Spaniv,, vz} for no value of h.

b. For {vi, v, v3} to be linearly independent, the equation x;v; + x2v2 + x3v3 = 0 must have only the
trivial solution. Row reduce the augmented matnix [v, v, v; 0]

1 -3 5 0] 1t -3 5 0][®D-3 50
-3 9 -7 0/~{0 0 8 0|~j0 03 0
2 -6 h 0|l |0 0 h-10 0Of [O 0 0 O

For every value of h, x, 1s a free variable, and so the homogeneous equation has a nontrivial solution.
Thus {vy, vz, v3} 15 a linearly dependent set for all A.

Question 15:
5 0 ol 1 5 5 0 0]l[al [5a
Mu)=Au=[0 5 0| 0|=| of.,7iv)=|0 5 0| b|=|.5
0 0 S5|-4| |-2 0 0 Sl|e| | 5¢
Question 16:
a)

~10 I 2 510 1 2 5

1 0 -2 -1 |1 0 =2 -1 |1 0 =2 -1
0 =2 1 0p (0 0 5 10

0o 0 3 3
~10 1 2 5|=10 1 0 1] x=| ||, unique solution
0o 1 2 2
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Note that a solution 15 not [ I} . To avoid this common error, write the equations:

x=3-3x,
@ + 3x = 3 i _ _ ’
: and solve for the basic variables: < x, =1—2x,
@ + 2x, = 1 -7
0 x; 15 free
X, 3-3x, 3 -3
General solution x=| x, |=|1-2x; |=| | |+x;| =2 |. For a particular solution, one might choose
X, X; 0 l
3
v;=0and x=|1
0

Question 17:

A must have 5 rows and 4 columns. For the domain of T to be R4 , A must have four
columns so that Ax is defined for x in R4 . For the codomain of T to be R5, the
columns of A must have five entries (in which case A must have five rows), because Ax
is a linear combination of the columns of A

Question 18:

Use the basic definition of Ax to construct 4. Write

X -2 7 -2 7
T(X)=xv, +%:v: =[v, "I]L}{ 5 —3}“ A:[ 5 —3]

Question 19:
a)

- A=[Te,) T(ey)]=
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b)

| 4 -5
A=[Te) Tex) Ties)]= [3 }

-7 4
c)
fle))=e, Tle;)=e, + 3¢, = : 4= b3
1 () 2 2 1 11‘ 0 I
Question 20:
a)
0 X 0 0 0 0} x
X + X, ' 1 1 0 0 x,
Ix)= “ = A4 ‘= -
X+ x; 0 1 1 0fx
X3+, X 0 0 1 1| x

b) The standard matrix A of the transformation T is 2x3. Its columns are linearly dependent
because A has more columns than rows. So T is not one-to-one, by Theorem 12. Also, A is row

m 4 -5

equivalent to L0 19} which shows that the rows of A span R2 . By Theorem 12, T
maps R3 onto R2 .
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