





Solve the following system:

i = 24\'2 + x3= 0
2.\’2 o 8.1'3 = 8

5.¥| = 5.\’3 =10
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X+2y—z=3
2X—Yy+3z=5

3x + 6y — 3z = 10
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then it is in reduced echelon form (or reduced row echelon form)

e LOLOMIIAJ

4. The leading entry in each nonzero row is | \‘

0 1 *
0 0 1]

5. Each leading 1 is the only nonzero entry in its column 0 0

[2.=3 2 4 100
0 1 —4 @8 010 16
0 0 5/2 0,0 1= 3

Echelon Form Reduced Echelon Form

Echelon Form is A nonzero matrix can have more than one
not unique equivalent matrices in Echelon Forms

GEROLEL RS EETEE A nonzero matrix can have only one equivalent
Form is unique matrix in Reduced Echelon Forms
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the length of the arrow for cu is | ¢ | * the length of the arrow for u

a)
The length of the arrow for u with entries {h ] is calculate va® + b
which

iy : Y
is the length of the line segment between the points (0, 0) and (. b)

Vectors in R3

* 3x] colomn matrices with three entries



Example

Leta, =

W

B

,and b = 4

-3

Determine whether b can be generated as a linear combination of a, and a,.

Solution: If'b is a linear combination of a, and a, , then o bQ

xja; +x8,=b ->

R2=R2+ R3=R3 - 16R2
R3=R3+5 RI=R1 -2R2

Solution: x; =3 andx; =2

augmented matrix [a, a; b]

Since the system has a solution,
then b can be generated as a linear
combination of a, and a, , and the
combination is:

3a, +2a,=b
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EXAMPLE 1 Let IZ[ : Sjl.u_[ ;].h:l: 2:|.(‘:|:2—|.;|nd
-1 7 -5 5

define a transformation 7" : R? — R¥ by 7'(x) = Ax, so that

1 -3 X — 3x;
T(X) = Ax = 3 5 [ "= 3x1 4+ 5x;
-1 7 - -X; + 7x2

a. Find T (u), the image of u under the transformation 7.

T(u) = Au = { K

Compute

chef 3 NlLE(;

Sldion A7 U



¢. Is there more than one x whose image under 7" is b?

We need to find whether Ax = b has a unique solution

We have already done that in part (b) ;160

either from the echelon form:
no false condition and no free variable.
Therefore, it has a unique solution.

OR from the final solution

e
"X ) - . 23
3
d. Determine if ¢ is in the range of the transformation 7. c=1|2
. C onsi bhortt 2

O
)
asking if the system Ax = ¢ is consistent <2j¢/° -‘/\ P-\

3 3 1 -3 3 /]D""?

1 3 3 1 3 3 1

3 § 2 0 14 =7 0 1 2 0 1 2

1 7 5 0 R 5 0 14 7 0 0 35

s 22 ot n Peviye
The third equation, 0 = —35, shows that the system is inconsistent. So ¢ is nof in the
range of 7 L
o= -25
Example: shear transformation K/—/\)
r -

\nconsiskent
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EXAMPLE 5 Define o lincar transformation T : 87 — F

R by

0 -17[«x [—=x
ro=[2 A[2]-[ 2] |
Find the images under T of 6w 2], i *1 |
i he images under T ofw = | v = § . amaw v = [

] | e R Y

[cos®

«in

T rotates w, v, and uw + v

ounterclockwise about the origin through %*

EXAMPLE 2 Find the standard matrix A for the dilation transformation 7(x)

forxin K

Th ansformation multiplies each vector input by 3

2, Since the domain is B (given), we use the identity matrix /, which is

3. Apply the transformation on each columns of /; | lets call them ¢

r31
we get these results, Tiey) e, ”} and T(es) ey [

4, Each result is a column in the matnix A

sinf]

cos @

In this example, the
angle is 90 degrees

3x,




CV\Q\




= 5*3 T

Warnings:

1. In gencral, A8 # BA. 3 XS

2. The canceliation laws do nor hold for matrix multiplication. That is, if
AB = AC, then it is not true in general that B = C'.

3, If aproduct A8 is the zero matrix, you cannar conclude in general that either

4200“*=°~ﬁ

T T wan[5 4a=[3 ffme=[s 3]

AC=1
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The inverse of a Matrix
An n x n matrix A is said to be invertible if there is an n x n matrix C such that
CA=1 and AC =1
where / = [,. the n x n identity matrix. In this case. C is an inverse of A

\ ©
A'A=1 and AA'=1 2*1[0 'AB

F e . 5 SR oo
EXAMPLE 1 Ir4 ol v 5| then 323 \0 1 o

o 0 0

i

ThusC =4"

20, A icimenitte. anl

e LI

I'he inverse of a Matrix

16 A 15 an inverti|
the unigue solut

% matix. then for csch bin B, the eguation Ax = b has

x=A""bh,

EXAMPLE A Use the tpeerse ol ihe masis A b Exsenple 2 10 sclve the sydem

2

:[:.
ey
—

SOLUTIGN. Ths spom 5 eciivalect 10 Ax = I

guin P [ B

he inverse of a Marrix

. If A is an invertible matrix, then A~ is invertible and

o

. If A and B are n x n invertible matrices, then so is AB. and the inverse of AB
is the product of the inverses of A and 8 in the reverse order. Thal is,

4By =B-'2™"
c. If A isan invertible matrix, then sois A7, and the inverse of A” is the transpose

of A™". That is.
(AT = (A7)






EXAMPLE 1 Use the Invertible Matrix Theorem to decide if A is invertible:

1 0 -2

A= 3 1 =2

-5 -1 9
1 0 =2 1 0 =2
A~|0 1 4|~]0 1 4
0 -1 -1 0O 0 3

So A has three pivot positions and hence is invertible, by the Invertible Matrix Theorem,
statement (). n

SOLUTION
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“ & isameasthes,
OFRe  of the columns of the
matrix

of & matrix A s the set Col A of ull lingar combinati

EXAMPLE 4 Lad = [ -

and b = [ 3 | Detgrmime whether b is

the columne spac

Step 1: Find y

Step 2: Find x

Ly=% L *) £ 10 3|~[6 o ¥ o 8
S

Augmented matrix

Subiattix 1 52« K2+ K1 S @
Submatrie 2 R =)+ A1 D 4= ke
Sulmatrix 3 R4+ R <310

E R TER TR

Ux=y 1"
Augmented matrix

(e
(SR VAR Yot

But how do we get U and L ? See the next slide ......

. I
1 h IT) | ALGORITHM FOR AN
L |

|

1. Reduce A to am echelon fo

Total arithmetic operations
inboth Step1and 2 is
around 28 operations. (not
counting LU factorization)

If we go the ordinary way
(just in one step), it takes
62 operations !!




Write the solution in parame 5 & & <& B0 & > the
vector form reduced echelon torm) as the

3. Take the vectors of x as the basis basis
EXAMPLE 6 Find a basis for the null space of the matrix
3 1 7
A= 1 - I -1
2 -4 5 8 -4
SOLUTION  First, write the solution of Ax = 0 in parametric vector form:

0 0 1 2-2 0] X3+ 2% — 285 =0

0 0 0 0 0 0_ 0=10

1 =2 0-1 3 0] -2 — x+3xs=0
(4 0]~

The general solution is x; = 2x3 + Xy — 3Xs, X3 = —2xg + 2x5, with x5, x4, and x5
free.
203 + x4 — 3x5
*2
=2x4 4+ 2x5
Xy
Xe

= Xl 4 XV AW

(]
o= (=



@ K= 200 4 — 3

o < Cret
3= =2 T2k
Ky = PWZ
Kg = ey

. 20, F ¥y =3, , N i
/2 3 X2 | o
R ol e ER I B SR I R O e R
N XY O

O
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Ordex, Dimension, Rank, Nu\lﬁj 4, Order eF o wmahin = iu ':\bi/\ ide%ah
Colwmn Spae, Alull space of a Mm.}“' e s & {1 ’/( A
2 2» Rl R@ @ Dinonsim & = ,.5 X 7?’. ( SUys (\,QA,MMQ
@. *ﬂm“& f\C it & Q# s /Zl'w,eo/\)‘j J-f.cﬁ{xwkg.,‘f Q,[,J,ml;

| 25 £
5 4 @ Mlthy F= L (7 F 2o cdinin mre)

i

(: C \ D) W '/\
5 Co {V:”“”« Spae = Spam ZCc.fwvms 6‘F A Z\ \Pw\i(z‘z) ,(_’_

| 25 | = | 0 0 Q’)ﬁ [\k v"-u S JDG.CQ_ = Pcm izh?/\/u f_:_"m;y”g._\‘ v RRE Fi
=33 O * Ramk + Nullby = # of columns

0 e
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EXAMPLE 1 Letyy = | 6 |.va = x=| 12 | and B = {v;.v2}. Then B
2 1
is a basis for #1 = Span {¥}, v2] because ¥, and v; are linearly independent. Determine
ifxisin M, and if it is, find the coordinate vector of x relative to 8.

SOLUTION Ifx is in /1, then the following vector equation is consistent

3
al 6| +e

The sculirs ¢ and ¢, if they exist, are the B-cgardinate \t\uaipcmnnn\\how that

Thus ey = 2,62 = 3, and [x]g = '{ The basis 8 determines a “coordinate system”

on H, which can be visualized by the 2rid shown in Figure 1. u

pale

FIGURE 1 A coon

gem an 3 phane




\' -3 3 \ © ©
% 3—r=k L_ = Z | o
Y =2 = 2 2 ;
—’21’\9 +T‘?z — . 2
L ~3 3 ( o ©
© 9 -7 L_ = 92 \ 5
7 -3 - O )
"”}{7\—%}()3 — ’qﬂ
\ -3 3 |
© 4 -F L_ = 2
7 -8 v 2
e
-R,*+ R, — K,
\ ~3 3 \ o o
2 t_F L, = | 2 ! o
o o= Y |
e " =
L9 9qly -3 3 Vo 3 ®
2 | o © q =F |I'= 9 3z -
H I ! o o ~—6 ¥ ~3 -1
e e
L U A
Ao L)
X ~34+ 3z = -H
A X = \9 AX 43 -~ = = \5
I.—U > S \9 X — 39 - 2 = (q
[
S v -3 3 ¥ -4
Ux =4 2 3 = 9 | =l
=5l J\ - b Y -3 - z (q
= L A= “v_) Wox = °
; b = '/ -4 \ -3 3 % - i
2 : 2 A |=| \5 © 1 -7 3 |=] 23
H | 1 ds t o o -6 2
d =4 -~z =N S 5= =9
2}1‘\' J’: P e Jl: 43 7)-72: =23 => 9= 4
A+ drdi=18 Ja= V2 | x-Bys32=-43 x=5
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Column Operations

THEOREM S If'd tsan nx n matrix, then des A" = der 4
A square matrix A is invertible if and on]y ifdet A # 0. Therefore, we can perform operations on the columns of a matrix in a way that is
i 10 the Tow and the won't be allected
(o 2 : T4 Determinants and Matrix Products
SOLUTION Add 2 times row 1 1o row 3 1o obtain
THEOREM 6  Multiplicative Properey
3 -1 2 -5 164 st B e s o lof A = {ded ANV R,
0 5 -3 -6
det A = det =0 . ;
0 5 -3 -6 Warming: A comoon misconception is tat Theoean 6 s sn sualague for sums of
1 ey, Getid i mor ey A + det B, in geneeal.
-5 -8 0 9
Cramer's Rule
n x n matrix A and any b in R, Jet A;(b) e the matrix obtained from 4
column / by the vector b,
Ab)=la - b .- 2y
4
ol i
THEOREM 7 Cramer's Rule
Tet A be an invertible n > » matrix. For any b in B, the unique solurion x of
Ax = b has entries given by
_ detdi(b) e
I =12 4]
@
EXAMPLE 1 Use Cramer’s rule to solve the system A g
iy . i
M-20=6 | 2 | Ezf;g"
—Sx+dn =8 o A g v _[Lf\) 4 J
SOLUTION View the system as Ax = b, Using the riotation inffoduced above,
[ 3 -2 _f6 =2 T3 &
A= [—S 4]. Ay(b) = [8 ‘]. Aatb) = [_5 3] Mt
i T v Fa 7Y _dd
AR | g ) Pt (g 4 S
Since det A /’. the system has a unigue solution. By Cramer’s rule.
§ det Ay(b) 24416
detd 0. i T T
[ herefi 15 inve
Therefore, 4 15 invertible .l det Aa(b) " 24 430 5
i TR T

(W]
%
e )

N



Cl/\?) L esson 3

-1 Cyj = (1) det A;; Steps:
A Formu I a fO rA . 1. Calculate cofactor at position (i, j)
of the original matrix A.
2. Assign result to position (j, i)

11 21 nl (opposite order of i and j) in the
G C C ite order of i and j) in th
1 Ciz C» ) (@43 adjugate matrix (adj A)
,4_l = ‘ > ] 3. Repeat for all entries in A and adj /
det A : : - | 4. Multiply scalar 1/det A by adj A
Cln C’.’n e Cnn

The matrix of cofactors on the right side of (4) is called the adjugate (or classical
adjoint) of A, denoted by adj A. (The term adjoint also has another meaning in advanced
texts on linear transformations.) The next theorem simply restates (4).

THEOREM 8 An Inverse Formula
Let A be an invertible n x n matrix. Then

o 1 .
A '=detAade

B 1 3
EXAMPLE 3 Find the inverse of the matrix 4 = [l -1 l].

SOLUTION The nine cofactors are

-1 1 5 | I . 1 -1
C1|=+l4 ) =2, (l‘_1=_‘l k2‘=3. (|x=+’| 4":5

1 3 2 3 2 1
Cg|=—‘4 _2‘=l4, C23=+’l ol = 7 C33=—l 4’=—7

2 3
11

1

3 ~ 2
C1|=+‘_: ]‘=4. (32=—‘ _l’=—3

The adjugate matrix is the rranspose of the matrix of cofactors. [For instance. Cy; goes

in the (2, 1) position.| Thus
-2 14 4
adj 4 = 3 -7 1
5 -7 -3
v
co Lot

w);/»ﬁ expansion

det A = 14 and

2 14 4 —1/7 7
3 =7 1|=| 314 =172 1/14
5 5/14 —1/2 —3/14

i ////j




EXAMPLE 4 Calculate the area of the parallelogram determined by the points
2(—2. —22, (0, 3). (4,—-1), and (6 4) See Figure 5(a).
L2+ 42 42 -

.-

SOLUTION First translate the parallelogram to one having the origin as a vertex. For
example, subtract the vertex (—2, —2) from each of the four vertices. The new paral-
lelogram has the same area, and its vertices are (0,0), (2,5), (6.1), and (8, 6). See

Figure 5(b). This parallelogram is determined by fhe columns[ol | .
O ST T T

Wt netd [2 6]6—""
e A=
RS ,5-\ I

Since |det A| = |—28|, the area of the parallelogram is 28.
tal
Aa - 2 ¥ - (XS Sty X
[ 2

( (h)
Z Z ) FIGURE 5 Translatmg a parallelogram does not change its

l g area.

THEOREM 10 Let T : R — R? be the linear transformation determined by a 2 x 2 matrix A. If

S is a parallelogram in R?, then transformation multiplied by
the det of A
larea of 7(S)} = |det A| - {area of S} 5)
The volume after
3 transformation is equal to
If 7 is determined by a 3 x 3 matrix A, and if S is a parallclepiped in R”, then e
{volume of T(S)} = [det 4| - {volume of S} ®) mwn;

5
e

t P d Compute the area of the image of S u mapping x -+ Ax.
| x2 ~cBdy R —5%3 = =14 =
- The area of S is | det 42 ‘ = 14, and det A = 2. By Theorem 10, the area of the

image of § under the mapping X +» AX is ;Lx | k

|det A| - fareaof S} =2-14 =28

Examp|e Let S be the paralielogram determined by the vectors by = [ ] and by = [
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EXAMPLE 1 Let A be the matrix in (2), and letu

to the null space of A.

SOLUTION To test if u satisfies Au = 0, simply compute

] 1 =3 2 i_ 5- 9+4] _To
L 9 1| o |7 L-2s+21-2]% |0

Thus u is in Nul A.

DOl T T DTy

w

. Determine if u belongs

&ub&
Mulri

3
2

2] 15|

+ 1
—)

EXAMPLE 3 Find a spanning set for the null space of the matrix

~2 B=1 1
A= 1 =2 2 3
2 -4 5 8

-7
-1
—4

Aeduce

SOLUTION The first step is to find the general solution of Ax = 0 in terms of free
variables. Row reduce the augmented matrix [ A 0] to reduced echelon form in order
to write the basic variables in terms of the free variables:

I > B 1 3 [/0 Xy — 2x3 - Xg+3x5=0
00 0 Y 2 -2 |0 X3+ 2x3 —2x5 =0
00 WON 0 0 /\0 0=0
The general solution is x; = 2x3 + X4 —3Xs, x3 = —2x4 + 2xs5, with x5, x4, and x5

free. Next, decompose the vector giving the general solution into a linear combination
of vectors where the weights are the free variables. That is,

Xy 2x3 + x4 = 3x3 2 1 -3 b
X Xs 1 0 0 >3 / 0 7
x| =| 20, M0 |=x:| 0| +x| @ +xs5| € A A | 2 |/
xs X4 0 1 0 AR 1 I ES
X5 Xs 0 0 1 g % o |/
u \‘ w -3 L
= XU + XV + XsW 3) 7\ c zn &z,
0 7
Every linear combination of u, v, and w is an element of Nul A and vice versa. Thus [ Z

{u, v, w} is a spanning set for Nul A.



EXAMPLE 3 Find a spanning set for the null space of the matrix

2 &
> 8 —4

-3 6 -1
A= 1 =2
2 -4
2y 1 g
1 -2 0 -1 3 1(0 Xl
g D T Z=2 |0
g 0 0 0 0|0

EXAMPLE 4 Find a matrix A such that W = Col A.

[ 6a — b
W= a+b |:a,binR
I —Ta

SOLUTION First, write W as a set of linear combinations.

e {[ (L

Second, use the vectors in the spanning set as the columns of 4. Let A = [ 1

Then W = Col A, as desired.

1 Xy
X
X
L=
(-’"
+
6
-2
\
0
-
(s ﬁ| o] [‘_|r]‘
a‘l'l .jj F o LGJ
-3 % 1
Il 25
[ Il'\
6 -17 v Ij
4 (I)]

4

5/@/‘_\



The Contrast Between Nul A and Col A fow 9
7 N S |
EXAMPLE 6 Let SRR ol 1ol
2 45 i1E "l:z spt
de|<2 <8 7 2| &
3 7 -8 6 /
a. If the column space of A is a subspace of R¥, whatis k?

b. If the null space of A is a subspace of R¥, what is k? - SN
SOLUTION

a. The columns of 4 each have three entries, so Col A is a subspace of R*, where k = 3.

b. A vector x such that Ax is defined must have four entries, so Nul A is a subspace of
R¥, where k = 4. ]

nel A

3 ; 1l
EXAMPLE 8 With A as in Example 6, letu = |~ [andv=f -1 |. . MM, I 2
Is u a solution for Ax=0? 0 3
a. Determine if u is in Nul A. Could u be in Col A? C@L F\ = E\ | .,X ﬁAJ
b. Determine if v is in Col A. Could v be in Nul A? At

ek

Y $% SOLUTION Is v in the span?
E Pt/\

v\x \B a. An explicit description of Nul A is not needed here. Simply compute the product Au.
L Y : D fresulf=0
0 % 2 4 =2 1 5 0 0
74 £S5 —
& e Au=|-2 -5 7 3 =|-3|#£|0 2
«* -1
3 7-8 6 3 0
0 o
Obviously, wis not a solution of Ax = 0, sow is fibtin Nul A. Also, with four entries, l 1[ n 0 'f
u could not possibly be in Col 4, since Col A is a subspace of &,
b. Reduce [A v]toan echelon form. A)g _—# O

B2 42 13 2 42 I .
[A v]=[—2 5 7y -|:|~|:0 | =5 = —z} Se ‘}> nat
6 B3 0 0 017 1 nell A

At this point, it is clear that the equation Ax = v is consistent, so v is in Col A.
With only three entries, v could not possibly be in Nul A, since Nul A is a subspace
of R, 1



Bases for Nul A, Col A, and Row A

THEOREM 6 The pivot columns of a matrix A form a basis for Col A.

Example
Find a basis for Col A A=[a; a

the reduced echelon form !0 0 1=

[ S I =

1

20 W W B

2

NN W —
O 00

[ SR
0N N -

“.M{

2

1
0

T(/f'/lﬂl‘L

] K ' |
iJ

0
0 | Pivot columns are C1, C3 and CS5.
Therefore, {a, , a, , a,} is a basis of Col 4

4

U\

1, kbt

D)

2hek

1 [
F}v}ﬂt

C/O l\U"’ (3

/“/\(.Sf ffwb
me P
b o

(ol A

EXAMPLE 10 Find a basis for the row space of the matrix A from Example 9.

s wer

1 4 0
3 12 1
e 2 & 1
2 20 2

;- 1 4
5 5 0 0
3 2 |~8=|9 0
8 8 0 0

0

0
0

o

O -

S — O C

corenmremene N To find a basis for the row space, recall that matrix A from Example 9
“ivalent to matrix B from Example 8:

By Theorem 7, the first three rows of B form a basis for the row space of A (as well

for the row space of B). Thus

Basis for Row A : {(1,4,0,2,0),(0,0,1,-1,0),(0,0,0,0, 1)}

T' @ééwo
s 40

ok

Lo é L7 D / (////5\3

P bais o 0N B



INe Dasis vectors givian \viortnr

Inthe formof Ax=b

EXAMPLE 1 Consider a basis B = {b;,b,} for R2, where b, = i (l) and

9 ° 2 a -~
" ] Suppose an x in R has the coordinate vector | x ]b. = ] Find x.

[1"1H—2'I=|—2+3|= 1
o 2ll3 0+6 1 l6

See Figure 4.

EXAMPLE 7 Let 3 -\ 32

-
I
o)
-
"
I
”
I
~N N W
—

N

and B = {v,, va}. Then B is a basis for H = Span {v,. v,}. Determine if x is in H, and
if it is, find the coordinate vector of x relative to B.

SOLUTION Ifxis in H, then the following vector equation is consistent:

3 —1 3
c1| 6| +c 0| = 1
1

The scalars ¢, and ¢, if they exist, are the B-coordinates of x. Using row operations, we

(3%
~ N W

obtain
3 —1 | 0 12
6 0 1 ~ 10 | 3
2 | 0 0 0

Thus¢; = 2,c2 = 3,and [x],, = [

is shown in Figure 7. m



\
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EXAMPLE 3 Find the dimension of the subspace

a —3b + 6¢
H= /,Si’ ;— 4_‘,{, ta,b,c,dinR
5d
1 -3 6 0 1 -3 6 0
afs|+b] 9 [+c|S|+als| mmmp H _[ ‘;}. _[0} “{_1
0 0 0 5 ( 0 0 0 5
Construct a matrix A whose columns are the given vectors, Then find the basis of Col A. those vectors serve as

basis for H (which is Col A)

[ ceeiin) 3 Vigs Vi Vig
— _— -

Therefore, {v, . v,. vy} is a basis of /. Then,dim #// =3

—

The Dimensions of Nul A, Col A, and Row A

The rank of a matrix is
the dimension of the
column space

The number of pivot columns
(number of pivots)

The nullity of a matrix is The number of nonpivot
the dimension of the ‘ columns (number of free
null space variables)

+ ity =
The dimension of the Rank.+ Nullity

‘ total number of
row apace is equal to
m columns

4

(L\G\AW (("‘(“\“M Speee) =7 fivot

C olwm

M\A\W( CY\M” Spase) = o h-fvet

(o lwmn

b - e
ol 1 -

Co ([ wmn

—

1

EXAMPLE 3 Let by = [_3]‘ b, = [7i] ¢ = [7;] o= I:A;] and con-
sider the hases for &2 givenby B = {by. by} and C = {¢}, ¢3}.

a. Find the change-of-coordinates matrix from C to B.

b. Find the change-of-coordinates matrix from B to C.

SOLUTION

4. Notice that ‘,»f, is needed rather than (v‘" > and compute

1 2 7 5 1 0 5 3
i s 55 P,
[ bia o] [;3 4% B 7] [n o6 4}» B¢

o ..
ol - .
b. By part (a) and property (6) (with 8 and C interchanged), ‘1 T
P P _I[ 4 -3 2 -3/2 - 5
ces=lse) "' =3| ¢ s5|=|-3 52| ™
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An eigenvector of an n x n matrix A is a ngnzero vector x such that Ax = Ax for
some scalar A. A scalar A is called an eigenvalue of A 1 (here 1s a nontrivial solution
x of Ax = Ax; such an x is called an eigenvector corresponding to A.'

Ax:./(x

How to determine whether a given How to determine whether a given

scalar X is an eigenvalue of matrix A4 vector u is an eigenvector of matrix 4

* Determine if the equation
(A-M)x=0

G Z + Calculate Au=b
has a nontrivial solution %

+ If vector b is a multiple of u, then u is an

+ Ifa nontrivial solution exists, then A is an SigeuTEtiar R

cigenvalue of matrix A

Given an eigenvalue A, how to find an How to find the eigenvalues of a

eigenvector u of a matrix 4 matrix A4

= Find the general solution in parametric
vector form of the equation:
(A-M)x=0

Find the solution set of the characteristic
equation  det( A -A/)=0

Special case: if 4 is triangular, then the

= Each vector in the general solution o 3 s
eigenvalues are the entries on the main diagonal.

{assuming any nonzero parameter) is a valid
eigenvector of matrix A

W

EXAMPLE 2 Let A = [; g].n= [_g].andv= [_2

vectors of A? /.--—""_" This vector is a multiple of u. ]
A )
-4 6 124
5 2 -5 7.9

]. Are u and v eigen-

r

A
SAmES _G

A %

| 4 s L =2 T

c2 LZ*/& L + X + ovle
oe~

A1 LA z?igﬂ)\/t/éc"’OV



EXAMPLE 3 Show that 7 is an eigenvalue o

corresponding eigenvectors.

Pt =T X
Ax —7#x = U

f matrix A in

> —
v

xample 2, and find the

I

H

A
I

:

2
Coee

c'a
i\
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Example:

Is 5 an eigenvalue of A =

)

6 -3 1
3 0 5(?
2 2 6

The number S is an cigenvalue of A if and only if the equation (A = 57 )x = 0 has

a nontrivial solution. Form

6 -3
A-S5I=|3 0
2 2

and row reduce the augmented matrix:

1 -3 1 0
3-5 5 0
Z =2 10

1 5 0 0 1 -3 1
5 0 5§ 0|=|3-5 5
6 0 0 5 s 2 S |
1 -3 1 0 0 J
0 4 2 0]~ 0

At this point, it is clear that the homogeneous system has no free variables. Thus
A — 51 is an invertible matrix, which means that 5 is not an eigenvalue of A.

neye |
Hore 10 A

Qv% (/a‘«ﬁ

on L€
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Aa{(A—M> =+ P

A scalar A is an eigenvalue of an n
characteristic equation

x n matrix A if and only if A satisfies the

det(A—=A7I)=0
S a ° "\\
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Definition A K x K matrix 4 is said to be similar to another K x ¥
matrix B if and only if there exists an invertible X x X matrix P such
that

B=P4P

THEOREM 4 If n x n matrices A and B are similar, then they have the same characteristic
polynomial and hence the same eigenvalues (with the same multiplicities).
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EXAMPLE 5 Determine if the following matrix is diagonalizable.
S —8 1
A= |l 7
oy -2

~—s Deckne ol )““""‘V*'””%
ay differest WD JmUM;;,u,
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EXAMPLE 2 Suppose B = {b;.b} is a basis for V. Let T : V — V be a linear
transformation with the property that

T(by) =3b; —=2b, and 7T(b;) = 4b; +7b;
Find the matrix M for T relative to B.

(T)) = F]
(T(EY) =

2
\\
R
<
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THEOREM 9

Let A be a real 2 x 2 matrix with a complex eigenvalue A = a — bi (b # 0) and
an associated eigenvector v in C2, Then

A=PCP~', where P =[Rev Imv] and c=[‘; ’Z]

EXAMPLE 7 Lem_[gs I?] i =8 6t e v.=[“2;‘“]. .

Example 2. Also, let P be the 2 x 2 real matrix, described in Theorem 9,

P =[Rev, lmv.]:[—g —g]

e B —b A= PCP- _T 9 SATEE <6 ﬁ_ &
= 1.6~ 8 Check = = 20[ 5 0][.6 .s][—s —2]‘[.75 :

oI P

CREE A%Zﬁ @ L
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b. (u+v).w
() () ()

Un b Vo s
v (ov WVM)/W\

The length (or norm) of v is the nonnegative scalar ||v|| defined by

Wi=vov= i+l tetod, and v =vey
\/ -
(V= {v-vu \/
U

[P ancth P\0£> 2]
Gk W V)

V “VHZ: UV = U

0

EXAMPLE 2 Lclv=t(l,/—-—_j Find au n the same dire -
(UOW‘V"N / ) VV

v

() =

ll\/”&?




EXAMPLE 3 Let W be the subspace of R? spanned by x = (%. 1). Find a unit vector
z that is a basis for W.

':j(/")otc W€ L\mue \)— 1 ﬁY:A/L;J/‘J >

e doat want thed
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Foru and v in R", the distance between u and v, written as dist (u, v), is the length
of the vector u — v. That is,

dist(u,v) = [[u—v]||

EXAMPLE 4 Compute the distance between the vectorsu = (7,1) and v = (3,2).

R

)
J 2 )
C;) HuAMﬁ = <%) 4'(ilz’;;j7
LT

@ lucyll = [17

EXAMPLE 5 Ifu = (u;.u3.u3) and v = (vy, v2. v3), then

Sor¢ S1els

(a-v)-=

\L\ * L—2‘/\3’1/1]4-[/3 & (‘AS ’LU3>2
Hf/l—\/” — qu,-Vn)J— [a } )—_)

I
T
Jucrll =\ G o 1)y (o)
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Two vectors u and v in R” ar::rthogonal (to each other) if u-v = 0.

-

fodev =0

KAMPLE 1 Show that {u;,uy, us} is an orthogonal setgwhere
¢ = I3 -~ 1 ~1/2
u = : I 2 = 2 |; 3= -2

| 7/2
w |

A _\

S AR
M| ‘Ml = ( :
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THEOREM 5 Let {uy,..., u,}b&onhogonal basis for a subspace W of R”. Foreachyin W,
the weights in the linear combination

y=cou + -+ cpu,

are given by

(o

ey U=lewn)

EXAMPLE 2 The set S = {u,.uz.us} in Example 1 is an orthogonal basis for R*.
6

Express the vectory = 1 | as a linear combination of the vectors in §. 3 -1 -1/2
-8 u = L s u = 215 u = -2
1

SOLUTION Compute
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Orthonormal Sets
e

not needed if the numbers of vectors in the set is = the dimension

EXAMPLE 5 Show that {v,. vs, v} is an orthonormal basis of R?, where

3/V11 -1/v6 —1//66
w=| v |, a=| 2/¥6| vs=|-4/V66
VAVAT] 1/v/6 7/3/66

Chedn & WU = [Vmle [V <o

1/V/11 1/v/6
\[K\,\y\, OF\WI 3/m' [:n/m] -
o Ui« Vs il e |

- —1//66 —
Vz » V3 il [-ws—e] Ao,
2/V6

’

( ’}’ g oY mncd

MQ\A Y Ccﬁw\gﬁr(/ 6 Ve nomal

\/(3 ' \/3 _'///\ v MY [?Zﬂ ’ [?Zéfﬂ: l

-1/v6 ~1/V6
J el —
Upe Vo= ([ [H =
\/ é \j - —!/~/6_6] ~1//66
- V66 =
R EmEmiEirak |

C\)( 15 an oy thonnone] _se*)



Orthogonal Projections

THEOREM 8 The Orthogonal Decomposition Theorem
Let W be a subspace of R". Then each y in R" can be written uniquely in the form

where § is in W and z is in W= In fact, if {u,,.... u, | is any orthogonal basis of
W, then

(2)
andz=y—y.

2 -2 1
EXAMPLE 2 Letu, = |: 5].u: = |: l:|,undy = |:2 . Observe that {u;, u,}
| 3

is an orthogonal basis for W = Span {u;, u,}. Write y as the sum of a vector in W and
a vector orthogonal to W.
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@actorization of Matrices

THEOREM [2 ~ The QR Factorization

If Ais anm x n matrix with linearly independent columns, then A can be factored
as A = QR, where Q is an m x n matrix whose columns form an orthonormal
basis for Col A and R is an n x n upper triangular invertible matrix with positive
entries on its diagonal.

)
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Least-Squares Problems

DEFINITION If Aism xn and b is in R™, a least-squares solution of Ax = b is an X in R"
such that
[Ib— A%|| < [|b— Ax|

forall x in R".

THEOREM 13 The set of least-squares solutions of Ax = b coincides with the nonempty set of
solutions of the normal equations A"Ax m

ATAx = A b

£



EXAMPLE 2 Find a least-squares solution of Ax = b for

o oo
NOANDO

NNCO O

!




THEOREM 14 Let A be an m x n matrix. The following statements are logically equivalent? ()1 Al

a. The equation Ax = b has a unique least-squares solution for each b in R™.
b. The columns of A are linearly independent.
c. The matrix A’A is invertible.

When these statements are true, the least-squares solution X is given by

£=(A"4)""4"p (4)

EXAMPLE 1 Find a least-squares solution of the inconsistent system Ax = h for

4 0 2 X
d='|l8 2| »=]| 0
11 1







