Chapter 9

Relations
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Relations and Their Properties

Section 9.1
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Section Summary

- Relations and Functions

- Properties of Relations
« Reflexive Relations
« Symmetric and Antisymmetric Relations
« Transitive Relations

- Combining Relations
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Binary Relations

Definition: A binary relation R from a set A to a
set B is a subset R € Ax B.

Example:
« letA=1{012} and B ={a,b}
- {(0,a), (0b), (1a), (2 b)} is a relation from A to B.

« We can represent relations from a set A to a set B
graphically or using a table:
Oe

O

L7l

a b Relations are more general than
functions. A function is a
relation where exactly one

” X element of B is related to each

/ element of A.

(S = -
X
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Relations and their properties

* Sets of ordered pairs are called Binary relations

 E.g. R={{a g}{a ch

 Binary relations represent relationship
between the elements of two sets.

e Let A, B be any two sets. A B

a—Db
e R subset AxB \

C 5
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Relations and their properties

o Abinary relation R from A to B, written
R:A<B, is a subset of the Cartesian product
of the two sets AXB.

* [n other words, a binary relation from Ato B is
a set R of ordered pairs where the first
element of each ordered pair comes from A
and the second element comes from B.
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Relations and their properties

e The notation a R b means (a,b)eR.
* The notation a R b means (a,b)€R.

e If aRb we may say “ais related
to b (by relation R)", or

e “a relates to b (under relation
R)".

/
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Relations

Representation
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Roster notation

» Roster notation is a list of
elements, separated by
commas, enclosed in curly
braces.

o Example: {3, 5, 7} is the set of
single-digit odd prime numbers.

e Example: A ={1,2,3,4,5}

9

CS285: Discrete Mathematics



Builder notation

Builder notation gives a rule to
follow that will tell you how to
build the roster

A = {x | O0<x<6, x Is a whole
number}

10
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Relations can be represented by:

A. Roster Notation:
List of ordered pairs

EX: the set {1,2,3,4}
B. Set builder notation
Ex: R={(a,b)| a divides b}

11
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Relations can be represented by:

Ex: Let A be the set {1,2,3,4}, which
ordered pairs are In the relation
R={(a,b)| a divides b}?
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Graph notation

R1 ={(1,1),(2,2),(3,3),(4,4),(1,3),(1,2),

(1,4), (2 4)}

2 ‘2 ORO Q .,
4

3

4 4
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Table notation

R = {(1,1),(2,2),(3,3),(4,4),(1,3),(1,2),(1,4),(2,4)}

1

3

X

R
1

2
3
4
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Example
LetR:A— B

A={1, 2, 3} represents
students

B = {a, b} represents
courses

15
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Example
AxB=
{(1,a), (1,b), (2,a), (2,b),
(3,a), (3,b)}

R={(1,a), (1,b) } = it means
that student 1 registered In
coursesaandb

16
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Relations

Example: R: A—-Bsuch that (a>b)

={1,2.3,4} B={2.3.4}

Solution:
1(3,2) , (4,2), (4,3)}
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Relations on Set

A (binary) relation from a set A
to itself is called a relation on

the set A.

18
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Example

- Consider these relations on the set of integers:

- R1 ={(a,b)|a=<
- R2 ={(a,b)|a>
- R3 ={(a,b)]|a=
- R4 ={(a,b)]|a=
- R5 ={(a,b)]|a=
- R6 ={(a,b)|a+

D},
D},

b or a=—b},

D},
b+1},

<3},

Which of these relations contain each of the pairs

(1, 1), (1, 2), (2,

1)/ (11 _1)1 and (21 2)?
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Example

Solution:

«(1,1) R1,R3,R4,R6
*(1,2) R1,R6
*(2,1) R2,R5,R6
*(1,-1) R2, R3,R6
°(2,2) R1,R3,R4

20
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Identity relation |, °

The identity relation 1, on a
set A is the set {(a,a)|acA}.

Example:
A={1,23,4}
1,={(1,1),(2,2),(3,3),(4,4)}

21
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‘\

Properties
of
Relations
_/
l Reflexive \ l Symmetric \ l Transitive
_ Iff
if (a,a)€R (a,b)eR A (b,c)eR
— (a,c) €R.

If(ab)eR «— (ba)eR. where a, b €A

22
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1. Reflexivity & Irreflexivity

Arelation R on A is reflexive If (a,a)eR
for every element a € A.

EX: Consider the following relations on {1,2,3,4}

1.R1 ={(1,1), (1,2), (2,1), (2,2) , (3,4), (4,1), (4,4)}

2. R2={(1,1), (2,1), (2,2), (3,3), (3,4),(4,4) }

3.R3 ={(a, b) | a < b}

23

CS285: Discrete Mathematics



1. Reflexivity & Irreflexivity - cont.

Reflexive

because R3={(1.1), (1,2), (1,3), (1,4),
(2,2), (2,3), (2,4),
(3,3),(3,4),
(4,4);

24
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Difference between
Not Reflexive and Irreflexive

A relation R on A is irreflexive if
for every element a € A,

(a,a) ¢ R

<C . . » (44 . »
Note: 1rng‘]ex1ve # “not rgﬂexwe

25
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Difference between
Not Reflexive and Irreflexive

Example:
A= (1,2}

R={(1,2),2,1),(1, 1)}

Note: ‘“irreflexive” # “not reflexive”

26
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Reflexive or not?
Irreflexive or not?

4
]

Not Reflexive and Not lrreflexive
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Reflexive or not?
Irreflexive or not?

H—a

-

3 —4 )

Irreflexive
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2. Symmetry & Antisymmetry

A binary relation Fon Ais symmetric
if (ab)eR — (baeR. wherea, b €A

A binary relation Ron A is antisvmmelric if
(a.0)eR— (La)eR.

also: (a.b)eR /\ (b.a) R —(a=b)

29
CS285: Discrete Mathematics



2. Symmetry & Antisymmetry

Symmetric

When (a,b) is there, then the other pair
(b,a) must be there

Antisymmetric

It (a,b) is there, then (b,a) shouldn’t be
there. Also when a=b then it is
antisymmetric

30
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Reflexive or not Irreflexive or not
Symmetric or not Antisemmetric
or not?

LetA={1,2,3)

R1={(1,2),(2,2),(3,1),(1,3)} |not reflexive,

not irreflexive,
not symmetric,
not antisymmetric

31
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Reflexive or not Irreflexive or not
Symmetric or not Antisemmetric

ornot? | .ia=-1123

R2={(2,2),(1,3),(3,2)}

not reflexive,
not irreflexive,

not symmetric,
Antisymmetric

R3 = {(1,1),(2,2),(3,3)}

reflexive,

not irreflexive,
symmetric,
antisymmetric
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Reflexive or not Irreflexive or not
Symmetric or not Antisemmetric
or not?

LetA={1,2,3)

R4= {(2,3)} not reflexive,
irreflexive,

not Symmetric,
fantisymmetric

33
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Symmetric or not
Antisemmetric or not?

Consider these relations on the
set of integers:

R1={(a, b) | a=b}

symmetric , antisymmetric
R2={(a, b) | a>b}

not symmetric, antisymmetric
R3={(a, b) | a=b+1}

not symmetric, antisymmetric

34
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Symmetric or not
Antisemmetric or not?

Note:

*The terms symmetric and antisemmetric are
not opposites, because a relation can have both of
these properties or may lack both of them.

*A relation cannot be both symmetric and

antisemmetric if it contains some pair of the
form (a,b), where a #b

35
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3. Transitivity

o Arelation R Is transitive iff (for all
a,b,c)
(a,b)eR A (b,c)eR — (a,c)eR.

Examples:

A= {1,2}

R1={(1,1),(1,2),(2,1),(2,2)}
transitive

R2={(1,1),(1,2),(2,1)} not transitive,
(2,2) ¢R2

36
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Prop erties

Relations |®

if (a,a)ER

~

of

(a,b)eR A (b,c)ER
—iac)CR!

if (a.b b)c/?«—» (ba)c/? where a, b tAl

l Reﬂexn c l S\'llllllt"tl‘l(‘ ‘(I Transitive

2

Example: A= {1,2}
R={(1,2),(2,1),(1, 1)}
3

If all (a,a) are in R thenitis
reflexive
If one or more (not all)
(a,a) in R are missing then
the relation is not
reflexive
*Not Reflexive because
(2, 2) is not there
If no (a,a) are in R then the
relation is irreflexive.
If one of the (a,a) existin R
then the relatrion is not
irreflexive
*Not irrflexive because
(1,1) €R
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Symmetrlc A relation R
When (a,b) is is transitive
there, then the iff (for all
other pair (b,a) a,b,c)
must be there (a,b)ER A
Antisymmetric (b,c)eER —
If (a,b) is there, (a,c)€ER.
then (b,a)
shouldn’t be
there. Also when
a—Db then it is
antisymmetric

(ab)eR— (baeR. 37

also: (ab)eR /\ (bLa) « R —(a=b)




Combining Relations

LetA={1,2,3} ,B={1,2,3,4)

R1={(1,1),(2,2),(3,3)}

R2={(1,1),(1,2),(1,3),(1,4)}

R1 W R2= {(1,1):(2:2),(3:3),
(1,2),(1,3),(1,4)}

R1 M R2= {(1,1)}

R1- R2={(2,2),(3,3)}

R2-R1={(1,2),(1,3),(1,4)}
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Combining Relations

Remember
For sets A, B, the difference of A and B, written A—B, is
the set of all elements that are in A but not in B.
A—B:={x|x€EANx¢B}
Ex: {1,2,3,4,5,6}-{2,3,5,7,9,111={1,4,6 }

39
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Composition

Definition: Suppose

- R, is a relation from a set A to a set B.

- R, is a relation from B to a set C.

Then the composition (or composite) of R, with
R, is a relation from A to C where

. if (x,y) is a member of R, and (y,z) is a member of R,,
then (x,z) is a member of R,e R,.

elf(a,c)isin R1 and (e¢,b) is in
R2 then (a,b) is in R2 - R1
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Composite Relations

Ex: R is the relation from {1,2.3} to
{1,2,3,4}y R={(1,1),
(1.4).(2,3).(3,1).(3,4)}

S is the relation from {1,2,3,4}
to {0,1,2}
S ={{1,0),
(2,0),(3,1),(3,2),(4,1)}
® SOR —
g(;},o),ﬁ ,1),(2,1),(2,2),(3,0),(3,

The range for first relation is the domain for second

OIe.
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Example

s Find S o Rif R = {(1,1),(1,2),(2,5), (3,4)}and S = {(1,6), (2,1), (4,0)}

*SoR={(16),(1,1),(3,0)}
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Power

e Let R be a relation on the set A.
the power R", n=1,2,3... are
defined by

R1 =R and R"1T=R"- R
Ex: Let R ={(1,1),(2,1),(3,2),(4,3)}.
Find:

e R?2=R -+ R={(1,1),(2,1),(3,1),(4,2)}
e R3=R2R={(1,1),(2,1),(3,1),(4,1)}

43
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Power

» Additional computations shows
that R* is the same as R?, so

R*=R3° R={(1,1),(2,1),(3,1),(4,1)}

e |t also follows that R =R? for
n=5,6,7,........ Please verify this!

44
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Example

R = {(1,1),(2,1),(3,1),(4,1)}
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Representing Relations

Section 9.3
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Section Summary

7 Representing Relations using Matrices
7 Representing Relations using Digraphs
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Representing Relations

Some special ways to represent binary
relations:

Wit
Wit
Wit
Wit

N ordered pairs ( section 9.1)
N a table ( section 9.1)
N a Zero-one matrix

N a directed graph or diagraph
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Using Zero-One Matrices

e To represent a relation R by
a matrix Mg = [m;], let m; = 1
If (af,bj)eR, else 0.

e £.g., Joe likes Susan and

Mary, Fred likes Mary, and
Mark likes Sally.
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Using Zero-One Matrices

e The 0-1 matrix

representation

of that “Likes”

relation:  gusan  Mary  Sally
Joe [ 1 1 0
Fred | 0 1 0

Mark 0 0 |
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Using Zero-One Matrices

Example:

A={1,2,3} ,B={1,2} , R: A>B such that:

R= {(2,1),(3,1),(3,2)} (a=b) then the
matrix for R is:

M,=[1 0
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Zero-One Reflexive, Symmetric

e Terms:

e Reflexive and Irreflexive,
symmetric and antisymmetric.

» These relation characteristics are
very easy to recognize by
iInspection of the zero-one matrix.

5
2
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Zero-One Reflexive, Symmetric

. 1
7

0

"2, 0

on diagonal

| ()
any- any-
thing thing
[ (
] (
any- oy
thing 1 thing 0
Reflexive: Irreflexive:
all 1’s all 0’s

on diagonal

Symmetric:
all 1dentical
across diagonal

1’/{ K|

0

Antisymmetric:
all 1’s are across

from 0’s

5
3
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Example

Is R retlexive, symmetric, [ 1 -
antisymmetric/? 1 0

M, =|] 11
011

Reflexive, symmetric, not antisymmetric

5
4
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The Boolean Operations 1) join andmeet

1) Join and meet representing Union

and the Intersection

The Boolean Operations join V and
meet /\ can be used= to find the

matrices representing the union U

and the intersection( ) of two relations

Then:
MR1UR2 =My v My,

M pipy = My A M,



Example

Suppose that the relations R1 and
R2 on set A are represented by
the matrices:

] 01 101
M,=|1 00| and M,,=/0 11
010 100

What are the matrices
representing R1UR2 and RINR?2 2
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Example

1 0 1
My gy =My v Mg, =1 1

1 0 1
My gy =M AMp, =10 0 0

_O 0 0_
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2) Composite

2) Composite
Suppose that R: A <> B, S: B> C

(Boolean Product)

Mg, =M, M;
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Remember how we did

Boolean product!!!!!!!
Y e S T )
1 0 011
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Remember how we did

AGOB

IADV(0AQ) (IAT)v(OAT) (IAO)v(0AT)
(OAT)v(1A0) (OAT)v(IAT) (0A0)v(IAT)

(IADV(0AD) (IAT)V(0AT) (IAO)v(0AT)
_ 1 0
: 1
1

6
0

l—iOi—‘l>

0
1
0
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Example
M, =MOM,#M®OM,

Let:
101 010
M,=[1 10| and M;=[0 0 1
000 101

Find the matrix of SoR 7

6
1
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Example

1 11
M,.=[0 11
0 0 0

The boolean product of A and B is like normal matrix
multiplication, But using V instead +
And using/\ instead X

6
2
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Attention

M, .,=M,OM.# MOM,
Check!

M=

et R KD
S S
oO’—‘

1 0 1
0 1| and My=|1
0 1]
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Attention

11 0
M,,=MOM,=|0 0 0
10 1
1 1 1
M .OM =0 1 1
0 0 0
B B 6
4
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3) Power
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Example

® Find the matrix that represent R?

where the matrix representing R

1S:
01 0 01 1
M,=10 1 1| then M,=|11"1
1 0 0 01 0
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0 1 0 0O 1 1
Example My={0 1 1| and M_,=[1 1 1
10 0 010
¢ Find the matrix that represent R3
where the matrix representing R
and R? is:
0 1 1 0
M,=M_,0M_ =|111]0
0 1 01 0 O
6
7
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—_— e O
— oy v
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\R — —_— O
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— - mif < mid -
_O = 1_ _1 —_— 0
O O
[l l | __
(8
3 ] 2
) >
e
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Using Directed Graphs

e Adirected graph or digraph G=(V,E,) is a
set V; of vertices (nodes) with a set
E.cV %V, of edges (arcs, links).

» Visually represented using dots for nodes,
and arrows for edges.

e Notice that a relation R:A<~ B can be
represented as a graph Gg=(V=AUB, £ .=FR).

6
S
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Using Directed Graphs

Edge set E_
My G (bl le arrows)

Susan Mary Sally Jo Susan
Joe | 1 1 0 | 5 : £
I'Cd >0 a

Fred 0 1 0 *

Mark 0 0 1 Mar Sally "
- = crmina
) . Y - vertex

Initial
::rltzx Node set V
(black dots) g
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Example

e The directed graph of the
relation
* R={(1,1), (1,3), (2,1), (2,3),
(2,4), (3,1), (3,2),(4,1);
on the set {1,2,3,4} is

e

N
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Directed graph and relation properties

* The directed graph of the relation can be used to
determine whether the relation has various
properties.

e A relation is reflexive

e If and only if there is a loop at every vertex of the
Irected graph, so that every ordered pair of the
form (x,x) occurs in the relation.

e A relation is symmetric

e If and only if for every edge between distinct
vertices In its diagraph there is an edge in the
ogposite direction, so that (y,x) is in the relation
whenever (X,y) is in the relation.

7
2
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Directed graph and relation properties. cont

e A relation is antisymmetric

e If and onlﬁ if there are never two edges in
opposite directions between distinct vertices.

e A relation is transitive

 If and only if whenever there is an edge from a
vertex X to a vertex y and an edge from vertex y to
a vertex z , there is an edge from x to z.
(completing a triangle where each side is a
directed edge with the correct direction.)
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Example

&
Determine whether the relations for the
directed graph are reflexive, symmetric, O
b- 6

antisymmetric, and/or transitive

Reflexive: because there are loops at every
vertex.

Not symmetric: because there 1s an edge from
a to b and there 1s no edge from b to a.

Not antisymmetric: because there are edges 1n
opposite directions connecting b and c.

Not transitive: because there 1s an edge from a
to b and an edge from b to ¢ , but no edge from 4
a to c.
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Digraph Reflexive, Symmetric

It is extremely easy to recognize the
reflexive/irreflexive/
symmetric/antisymmetric properties by
graph inspection.

OO [[* L0 | |20 || "
A r

e ' o = A
oo ] [ O
Reflexive: Irreflexive: Symmetric:  Antisymmetric:
Every node No node Every link is No link 18

has a self-loop  links to itself bidirectional  bidirectional
Not symmetric. non-antisymmetric Non-reflexive. non-irreflexive
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Closure Relations

Section 9.4
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1) Reflexive Closure

e For any property X, the “X
closure” of a set A is defined
as the “smallest” superset of
A that has the given property.

e 1) The reflexive closure of a
relation R on A is obtained
—>by adding (a.,a) to R for
each aeA not already in R

le.,itisRul, 7



Example 1

The relation
R={(1,1).(1.2).(2,1).(3,2)} on
the

set A ={1,2,3} is not reflexive.

How can you produce a reflexive
relation containing R that is as
small as possible?

Answer: By adding (2,2) and
(3,3) so the :

Reflexive closure of R is: ,
{(1,1),(1,2),(2,1).(3.2).(2,2),(3,3)} |




Example 2
What is the reflexive closure of the

relation:
R={(a,b)| a < b} on the set of
integers?

Answer: R UA

The Reflexive Closure of R Is:
{(@a.b)la<b}lu {(aa)ac Z}={(a,b)|a=b}

\ )
|

Example: A
R={(a,b)| a < b}={(1,2),(1,3),(2,3)}
The Reflexive closure of R =

{(1 ’2)’(1 ’3)’(2’3)}> U {(1 ’1 )’(2’2)’(3’3)}

7
S



2) Symmetricclosure

The symmetric closure of R is
obtained by adding (h,a) to R for
each (a,b) in R.

jie. itis RU R}
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Example 1

The relation

{(1,1),(2,2),(1,2),(3,1),(2,3),(3,2)} on
the

set {1,2,3} Is not symmetric.

How can we produce a
symmetric relation that is as
small as possible and contains
R?
Answer: by adding (2,1) and (1,3)
so the
Symmetric Closure of R Is:
{(1,1),(2,2),(1,2),(3,1),(2,3),(3,2),(2, :

1),(1,3)}




E————————————.
Example 2
What is the symmetric closure of the
relation:

R= {(a ,b) | a = b} on the set of positive

integers?
Answer:

The Symmetric Closure of R Is:
{(a,b)] a>b} L {(b, a)] a>Db}={(a, b)|a#b}

Example:

R ={(3,1),(3,2),(2,1)}

R1 ={(1,3),(2,3),(1,2)}

RU R! g
| =1{(3,1),(3,2),(2,1),(1,3),(2,3),(1,2)} }



3) Transitive closure

® The transitive closure or
connectivity relation of R is obtained
by repeatedly adding (a, ¢) to R for
each (a, b), (b, ¢) in R.

®je.,1t1s R* — UR”

neZ”
— Or in term of zero-one matrices:
I MR*=MR VMR[Z]...."}“': ..... Z.MR[n] 3
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Example 1 R*= R U R2 UR3
Ex: R={(1,1), (1,2), (2,1),(3,2)} on the set

A={1, 2, 3}
+ R*=R U R2 URS3
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Example 1 R*= R U R2 UR?3
Ex: R={(1,1), (1,2), (2,1),(3,2)} on the set
A= {1, 2, 3}

R2=RoR={(1,1),(1,2).(2,1),(2,2),(3,1)}

R:®=R?20R

= {(1.1).01.2).02.1).(2.2),(3,1),(3,2)}
R*=R U R? UR3 g
={(1,1),(1,2).(2,1),2,2).(3,1).(3.2)}



— Or in term of zero-one matrices:
— Mg*=Mg V Mg[21..."..... . MgIn]
A= {1, 2, 3}
1 1 O
M,=|1 O O
'O 1 O
M . = M ,OM
11 0fL 1 0] |1 10
0O Ol O Oj=|1 1 O
01 0f0 1 0| [1 OO
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M,=M_,O0M,

R
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— Or in term of zero-one matrices:
— MR*=MR \/MR[Z]..."""."/./ ..... \2-':".MR[n]
A= {1, 2, 3}

LT 0 lrega), 12, 21102)
M=01 0 0

010

8
8
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1 1 0 1 1 0 1 1 0
1 O O|vil 1 Ofvil 1 O
_O | O_ _1/0 ] _1/’1, O_
_ - R2=RoR= R3=R20R=
1 1 0] ((1,1,012.21), {(1,1),(1,2).2,1),
(2,2),(3.1)) (2,2),(3,1),(3,2)}
=11 1 O
Mg.=
11 0 ™N@1),012.21.22).31).6.2)
8
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Example 2

® Find Mg, for

1 0 1
M,=[0 1 0
1 10
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Equivalence Relations

» An equivalence relation onasetAis
simply any binary relation on A that is
reflexive, symmetric, and transitive.

Example1:

A relation on the set of real numbers such
that

R={(a, b) | a-b is an integer}

9
2
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Equivalence Relations

Answer:

R is reflexive since (a,a) is an integer
where a-a=0

R is symmetric since a-b and b-a is an
integer

R Is transitive a-b and b-c are integers,
therefore a-b + b-c =a-c Is also an

iInteger so R is an Equivalence

Relation. 9
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