Chapter 8

Advanced Counting
Techniques

8.1-8.2
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Chapter Summary

- Applications of Recurrence Relations

- Solving Linear Recurrence Relations
- Homogeneous Recurrence Relations
- Nonhomogeneous Recurrence Relations
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8.1. Recurrence
Relations (RR)
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Recurrence Relations

In Chapter 5 we discussed how sequences can

be defined recursively.

Recall that a recursive definition of a sequence

specifies:

1.0ne or more initial terms and

2.A rule for determining subsequent terms from
those that proceed them. A rule of the latter
sort (whether or not it is part of a recursive
definition) is called a recurrence relation.
such relations can be used in studying and
solving counting problems.
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Recurrence Relations

e A recurrence relation (R.R., or just
recurrence) for the sequence {a,} is
an equation that expresses a, Iin
terms of one or more previous
terms of the sequence a,, ..., a,_4,
for all integers n with n=n, where
Ny is a nonnegative integer
» [.e., just a recursive definition, without

the base cases.

e A sequence is called a solution of
a recurrence relation if its terms
satisfy the recurrence relation. 5
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Recurrence Relation
Example

e Consider the recurrence
relation

a,=2a,,-a,, (n22).

e \Which of the following are
solutions?

a,=3n
a, = 2"

6
a. =
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Recurrence Relation
Example

e Consider the recurrence
relation

a,=2a,,-a,, (n22).

e \Which of the following are
solutions?

a =3n Yes
a, s 2" No
an =5 Yes
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Financial Application

Example: Suppose that a person deposits $10,000.00 in a
savings account at a bank yielding 11% per year with
interest compounded annually. How much will be in the
account after 30 years?

Let P, denote the amount in the account after 30 years. P,
satisfies the following recurrence relation:

P,=P, ,+011P,, = (1.11) P,_,
with the initial condition P, = 10,000

Continued on next slide >
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Financial Application

P, =P ,+011P,_;, = (1.11) P,_,
with the initial condition P, = 10,000
Solution: Forward Substitution
P, = (1.11)P,
P, = (1.11)P; = (1.11)2P,
P, = (1.11)P, = (1.11)3P,

P, = (111)P,; = (1.11)"P, =  (1.11)" 10,000
P. = (1.11)" 10,000
P, = (1.11)3° 10,000 = $228,992.97
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8.2. SOLVING LINEAR
RECURRENCE RELATIONS
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K-LiHoReCoCo I General Solution Schemas

e A linear homogeneous
recurrence of degree k with
constant coefficients
(“k-LiIHOReCoCo0”) is a rec. rel.
of the form

a, = Cqi8pq * ... ¥ G a,
where the c;, are all real
numbers, and c,# O.

* it is linear because the right-hand side is a sum of the previous terms of the

sequence each multiplied by a function of n.
- it is homogeneous because no terms occur that are not multiples of the as.

Each coefficient is a constant.
» the degree is k because a, is expressed in terms of the previous k terms of

the sequence.

11
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Examples of Linear Homogeneous
Recurrence Relations linear?
Homogeneous? Which degree?

. 'Dn = (1.11)Pn_1

* fn = fn-l + fn-2

*p = an_1+ a5 o
H =2H , +1

* Bn = an—l
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Examples of Linear Homogeneous
Recurrence Relations

- P, = (1.11D)P,_, linear homogeneous recurrence
relation of degree one

f,=f,_, +f,_, linear homogeneous recurrence
relation of degree two

« Ap = Ap_1+a_, not linear
- H,=2H,_, +1 not homogeneous
- B, = nB, _, coefficients are not constants
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Solving Linear Homogeneous
Recurrence Relations

The basic approach is to look for solutions of the form

a, = r", where r is a constant.

Note that a, = r” is a solution to the recurrence relation

a,=ca,,+ca,,+ - +c.a,, ifandonly if

M =cr 1+ M2+ -+ r=x,.

Algebraic manipulation yields the characteristic equation:
r<—c Kkl —c,k2 —s —CpF —C, =0

The sequence {a,} with a, = r" is a solution if and only if

ris a solution to the characteristic equation (C.E).

The solutions to the characteristic equation are called the
characteristic roots of the recurrence relation. The roots
are used to give an explicit formula for all the solutions of
the recurrence relation.
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Solving Linear Homogeneous
Recurrence Relations of Degree Two

Theorem 1: Let ¢, and ¢, be real numbers.
Suppose that r — ¢c,r - ¢, = 0 has two distinct roots
rpand ro(ry#r5)

. Then the sequence {a,} is a solution to the
recurrence relation a, = c,a,_,; + c,a,_, if and only
I _ n n
if ap, = arl + asr}

forn =20,1,2,... , where a, and a, are constants.
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Using Theorem 1

Example: What is the solution to the recurrence relation
a,=a,,+ 2a,,witha,=2anda, =7?

Solution: The characteristic equationis r» — r—-2 = 0.

Its roots are r = 2and r = —1 . Therefore, {a,} is a solution to the recurrence
relation if and

only if a, = a,2" + a,(—1)", for some constants a, and a,.

To find the constants a, and a,, note that
a,=2=a,+a, and a, =7 = a2 + a,(—1).

Solving these equations, we find that a, =3 anda, = —-1.

Hence, the solution is the sequence {a,} with a, = 3-2" — (—-1)".
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Using Theorem 1

® Solve the recurrence

a, = n-2.9
condltlons a0 %

e Solution: Use theorem 1:
e« We havec, =1,¢c, =2
» The characteristic equation is:

r=-r—=2=0
e Solve it:

L G E =Y

77 an—1+2an—2
Fe— Oy — sy =
& =1,e,==2

2 —r—2=0

iven the initial
a, =1.

2(1)

e SO, r=2 or r=-—1.

e SO, a,=a,2"+ a, (—1)".
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Example Cont...

e To find a,_and a,, just solve the
equations for the initial conditions a,

and a,:

ao — 2 — 0120 "» C72 (_1)0
a,=7=a,2"+ a, (—1)
Simplifying, we have the pair of

equations:

2=a, +a,

7 =2a, — a,
which we can solve easily by

substitution:
a, =2—-a,; [ =2a,—-2—a,)=3a, —2;

9=3a,; a,=3; a,=-1.

e Using a, and a, ina, =a,2"” + a, (—1)"
then our final answer is? -
a =327 — (—=1)

Check: {a,,} =2, 7, 11,25,47,97 ... 18
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The Solution when there is a
Repeated Root

Theorem 2: Let ¢, and ¢, be real humbers with ¢,
+ 0. Suppose that r> - ¢,r - ¢, = 0 has one
repeated root r,. Then the sequence {a,} is a
solution to the recurrence relation

a, =ca,, +ca,_, if andonly if

an = Qry + Qenry
a, = a,ry" + a,nr,"”, for all n=0,

forn =0,1,2,... , where a, and a, are constants.
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Using Theorem 2

Example: What is the solution to the recurrence relation
a,=6a,, —9a,,witha, =1and a, = 6?

Solution: The characteristic equationis r? —6r + 9 = 0.

The only root is r = 3. Therefore, {a,} is a solution to the
recurrence relation if and only if

a, = a,;3" + a,n(3)"
where a, and a, are constants.

To find the constants a, and a,, note that
a,=1=a, and a, =6=a, -3+ a,-3.
Solving, we findthat a, = 1and a, =1 .

Hence,
a,=3"+ n3",

CS285: Discrete Mathematics



More Examples

*a, =(1.02)a,_,
linear
constant coefficients
homogeneous
degree 1
e a =((1.02)a,, +2™° e a =(1.02)a, , +2™°
linear
constant coecfficients
nonhomogeneous
degree 1
| sa, =a,,+a,_,+a,_,+2""
gt @y + @, 3+ linear
constant coefficients
nonhomogeneous

degree 3
LT *a, =ca

a, =(1.02)a

n-1

T

nlm =g b
does not have the right form

ok B

‘a, =na, ,+n-a,,+a

2 n-

la ™

> R—i

“a =na, ;+na, a0, e T

coefficients are not constants
homogeneous

degree 2|
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Solution Procedure: 2-LiHoReCoCo

/=LiHoReCoCo: Ly = Linear
=Linear
e Homogeneous

* homogeneous

- degree 2 Characteristic equation (C.E.): Recurrence of
ry—agr—c;, =0 (1) degree 2 with
Constant
Coefficient

The solutions to the RR are given by
substituting characteristic roots (CR)
from 1 in the followving:

d — alrlll + azrzll fOI‘ DZO

n

(2)

Use the initial conditions (e.g. a;and a,) to
find &, and a’, in the RR (3)

Final Result—Use step (2) which is the
solution of RR with CR and from (3)

solved wvalues for &, and a,

Check your final result to make sure it is
correct 22
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Solving Linear Homogeneous Recurrence
Relations of Arbitrary Degree

This theorem can be used to solve linear homogeneous
recurrence relations with constant coefficients of any
degree when the characteristic equation has distinct roots.

Theorem 3: Let ¢, ¢, ,..., ¢, be real numbers. Suppose
that the characteristic equation

rk — Clrk—l ———e — Ck = ()
has k distinct roots ry, r,, ..., r,. Then a sequence {a,} is
a solution of the recurrence relation

an —_ Clan_l + Czan_z + P + Ck an_k
if and only if
Ay, = 0qT] + Qary’ + - + Qpry

forn=20,1, 2, ..., where a, a,,..., a are constants.
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Solving Linear Homogeneous Recurrence
Relations of Arbitrary Degree

This theorem can be used to solve linear homogeneous
recurrence relations with constant coefficients of any
degree when the characteristic equation has distinct roots.

Theorem 3: Let ¢, ¢, ,..., ¢, be real numbers. Suppose
that the characteristic equation

rk — Clrk—l —_—coe — Ck = O
has k distinct roots ry, r,, ..., r,.. Then a sequence {a,}
is a solution of the recurrence relation

an — Clan_l + Czan_z + sann + Ck an_k

if and only if
ap, = 17 + Qary + -+ Ty

forn=0,1, 2, ..., where a, a,,..., o, are constants.
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Using Theorem 3

Find the solution to the RR a, = 6a,_, -11a,, + 6 a,_;
with the initial conditions a, =2, a; =5, a, =15
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The General Case with Repeated
Roots Allowed

Theorem 4: Let ¢, ¢, ,..., ¢, be real numbers. Suppose that the
characteristic equation

rk —_ Clrk—l —ee — Ck = 0

has t distinct roots ry, r,, ..., r with multiplicities m,, m,, ..., my,
respectively so that m;=>1fori=0,1,2, . ..,tandm, + m, + ..+

m, = k. Then a sequence {a,} is a solution of the recurrence
reliation

an — Clan_l + Czan_z + ..... + Ck an_k
if and only if

an = (1,0 +a11n+ -+ ap 1™ )y

Hazo + a2 an + -+ gy g
+ (o +aan 4 F Qg™ ey

forn=0,1, 2, .., where q, ;are constants for 1</ <t and 0< /
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Using Theorem 4

Example 7: Suppose that the roots of the characteristic equation of a linear
homogeneous recurrence relation are 2, 2, 2, 5, 5, and 9 (that is, there are three
roots, the root 2 with multiplicity three, the root 5 with multiplicity two, and the root

9 with multiplicity one).
What is the form of the general solution?

By Theorem 4, the general form of the solution is

27
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Using Theorem 4

EXAMPLE 8 Find the solution to the recurrence relation
ap = —3dy—1 — 3ap—2 — ap—3

with initial conditions ag = 1, a1 = —2,and ap = —1.

28
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Homogeneous & Nonhomogenes

Homoec ygeneous:

If we put all the a,'s on one side of

the equation and everything else on the

right side, then the right side is O.

Otherwise imhome« geneous or

n()nh()nl()gvn(*()us-

It 1s also homogenous because 1n the
following formula no terms occur that
are not multiples of a;’s.

The coefficients of the terms of the
sequence are all constants, rather than

functions that depend on n.
29
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Linear Nonhomogeneous Recurrence
Relations with Constant Coefficients

(LiNoReCoCos)

Definition: A /inear nonhomogeneous
recurrence relation with constant coefficients is
a recurrence relation of the form:

a, =Cap 1+ Ca,, +.... +cea,+ F(n)
where ¢,, ¢,, ....,C, are real numbers, and F(n)is
a function not identically zero depending only on n.

The recurrence relation
an — Clan_l + Czan_z + TN + Ck an_k,
is called the associated homogeneous recurrence relation.
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LiINoReCoCos — cont.

e Linear nonhomogeneous RRs
with constant coefficients may
(unlike LiIHoReCoCos) contain
some terms F~(n) that depend

only on n (and notf on any a;s).
General form:

a,=C@p 1t ...*vCa,(*t F(n)

e sl
g

The associated homogeneous recurrence relation
(associated LiHoReCoCo).

31
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LiNoReCoCos — cont.

The following are linear nonhomogeneous recurrence
relations with constant coefficients:

a,=a,,+2"

a,=a,,+a,,+n*+n+1,

a,=3a,,+ n3n,

a, =4a,,+a,, +a,;+ nl

where the following are the associated linear
homogeneous recurrence relations, respectively:

dn, = dp_1 |
an = an—l + an—Z/
d, = 33,,_1 /

d, =da,_,ta,,+a,;
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Solving Linear Nonhomogeneous Recurrence
Relations with Constant Coefficients

Theorem 5: If {a,(P)} is a particular solution of the
nonhomogeneous linear recurrence relation with
constant coefficients

a,=¢a,,+ca,,+-+c.a,,+ F(n),

then every solution is of the form {a,(®) + a,("},
where {a,"} is a solution of the associated
homogeneous recurrence relation

d, = Cid,_4 + C,an_, + -t Cx dn_k.

Solution= a, ={a,(P) + a,("}
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F(n) Types

a _ I
Linear

Let a,=cn+d
- /
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— F(n) —

-

-

Nonlinear
Let a, =c a”

~

/




When F(n) is linear Linear

Let a,=cn+d

Find all solutions of the recurrence relation a, = 3a,_, + 2n. What is the solution with
a, =37
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When F(n) is nonlinear e

Find all solutions of the recurrence relation
a=ba_,—6a_,+ 7"
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